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Abstract. In this paper we investigate the Cauchy problem for hy-
perbolic operators with triple characteristics whose coefficients depend
only on the time variable. And we give sufficient conditions for C∞

well-posedness. We shall also consider necessary conditions.

1. Introduction

In [12] we studies the Cauchy problem for hyperbolic operators with dou-
ble characteristics whose principal parts have time-dependent coefficients.
And we gave sufficient conditions for the Cauchy problem to be C∞ well-
posed under the assumption that the coefficients, for instance, are real an-
alytic. These sufficient conditions are also necessary if the space dimension
is less than 3, or if the coefficients are semi-algebraic functions with respect
to the time variable. In [11] we considered the Cauchy problem for hyper-
bolic operators of third order with time-dependent coefficients and defined
the sub-sub-principal symbols. We showed that the Cauchy problem is C∞
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well-posed under some conditions on the subprincipal symbols and the sub-
sub-principal symbols. In this paper we shall deal with hyperbolic operators
with time-dependent coefficients and triple characteristics and give suficient
conditions for the Cauchy problem to be C∞ well-posed. Our results are
extensions of the results given in [11] to higher-order hyperbolic operators.
In doing so, we shall introduce new quantities as generalizations of “sub-sub-
principal symbols.” It will be proved that our sufficient conditions are also
necessary for C∞ well-posedness under additional conditions.

Let m ∈ N and P (t, τ, ξ) ≡ τm +
∑m

j=1

∑
|α|≤j aj,α(t)τ

m−jξα be a polyno-

mial of τ and ξ = (ξ1, · · · , ξn) of degree m whose coefficients aj,α(t) belong to
C∞([0,∞]). Here α = (α1, · · · , αn) ∈ (Z+)

n is a multi-index, |α| =
∑n

j=1 αj
and ξα = ξα1

1 · · · ξαn
n , where Z+ = N ∪ {0} (= {0, 1, 2, 3, · · · }). We consider

the Cauchy problem

(CP)

{
P (t,Dt, Dx)u(t, x) = f(t, x) in [0,∞)×Rn,

Dj
tu(t, x)|t=0 = uj(x) in Rn ( 0 ≤ j ≤ m− 1)

in the framework of the space of C∞ functions, whereDt = −i∂/∂t ( = −i∂t),
Dx = (D1, · · · , Dn) = −i(∂/∂x1, · · · , ∂/∂xn), f(t, x) ∈ C∞([0,∞)×Rn) and
uj(x) ∈ C∞(Rn) ( 0 ≤ j ≤ m− 1).

Definition 1.1. (i) The Cauchy problem (CP) is said to be C∞ well-
posed if the following conditions (E) and (U) are satisfied:

(E) For any f ∈ C∞([0,∞) × Rn) and uj ∈ C∞(Rn) ( 0 ≤ j ≤ m − 1)
there is u ∈ C∞([0,∞)×Rn) satisfying (CP).

(U) If s > 0, u ∈ C∞([0,∞) × Rn), Dj
tu(t, x)|t=0 = 0 ( 0 ≤ j ≤ m − 1)

and P (t,Dt, Dx)u(t, x) vanishes for t < s, then u(t, x) also vanishes for
t < s.

(ii) We say that the Cauchy problem (CP) has finite propagation property
( has finite propagation speeds) if the following condition (F) is satisfied:

(F) For any T > 0 there is a convex closed cone ΓT in Rn ( with its vertex
at the origin) such that ΓT ⊂ {t > 0}∪{0}, and for any (t0, x

0) ∈ Rn+1

with 0 < t0 ≤ T

u = 0 in ΓT (t0, x
0) ≡ {(t0, x0)} − ΓT

if u ∈ C∞(Rn+1), suppu ⊂ [0,∞)×Rn and

P (t,Dt, Dx)u = 0 in ΓT (t0, x
0).
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We assume that the following conditions are satisfied:

(A-1) aj,α(t) ( 1 ≤ j ≤ m, |α| = j, j − 1) are real analytic on [0,∞).

(A-2) For some κ0 ∈ [1, 3/2) aj,α(t) ∈ E{κ0}([0,∞)) ( 2 ≤ j ≤ m, |α| =
j − 2).

Here we say that a(t) ∈ E{κ}(I) if for any T > 0 there are h > 0 and CT > 0
satisfying

|∂kt a(t)| ≤ CTh
k(k!)κ for k ∈ Z+ and t ∈ I with |t| ≤ T ,

where 1 ≤ κ < ∞ and I is a closed interval of R. From (A-1) there are a
complex neighborhood Ω of [0,∞) ( inC) and δ0 > 0 such that [−δ0,∞) ⊂ Ω,
Ω ∩ {λ ∈ C; Reλ ≤ T} is compact for any T > 0, and aj,α(t) ( 1 ≤ j ≤ m,
|α| = j) are regarded as analytic functions defined in Ω. Put

p(t, τ, ξ) = τm +
m∑
j=1

∑
|α|=j

aj,α(t)τ
m−jξα (≡ Pm(t, τ, ξ)),

Pk(t, τ, ξ) =
m∑

j=m−k

∑
|α|=k+j−m

aj,α(t)τ
m−jξα ( 0 ≤ k ≤ m− 1).

We also assume that the following conditions (H) and (T) are satisfied:

(H) p(t, τ, ξ) is hyperbolic with respect to ϑ = (1, 0, · · · , 0) ∈ Rn+1 for
t ∈ [−δ0,∞), i.e.,

p(t, τ − i, ξ) ̸= 0 for any (t, τ, ξ) ∈ [−δ0,∞)×R×Rn.

(T) The characteristic roots are at most triple, i.e.,

∂3τp(t, τ, ξ) ̸= 0 if (t, τ, ξ) ∈ [0,∞)×R× Sn−1 and

p(t, τ, ξ) = ∂τp(t, τ, ξ) = ∂2τp(t, τ, ξ) = 0,

where Sn−1 = {ξ ∈ Rn; |ξ| = 1}. Let Γ(p(t, ·, ·), ϑ) be the connected com-
ponent of the set {(τ, ξ) ∈ Rn+1 \ {0}; p(t, τ, ξ) ̸= 0} which contains ϑ, and
define the generalized flows K±

(t0,x0)
for p(t, τ, ξ) by

K±
(t0,x0)

= {(t(s), x(s)) ∈ [0,∞)×Rn; ±s ≥ 0 and {(t(s), x(s))} is

a Lipschitz continuous curve in [0,∞)×Rn satisfying

(d/ds)(t(s), x(s)) ∈ Γ(p(t(s), ·, ·), ϑ)∗ ( a.e. s) and
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(t(0), x(0)) = (t0, x
0)},

where (t0, x
0) ∈ [0,∞) × Rn and Γ∗ = {(t, x) ∈ Rn+1; tτ + x · ξ ≥ 0 for

any (τ, ξ) ∈ Γ}. K+
(t0,x0)

( resp. K−
(t0,x0)

) gives an estimate of the influence

domain ( resp. the dependence domain) of (t0, x
0) ( see Theorem 1.2 below).

To describe conditions on the lower order terms we define the polynomials
hj(t, τ, ξ) (≡ hj(t, τ, ξ; p)) of (τ, ξ) by

|p(t, τ − iγ, ξ)|2 =
m∑
j=0

γ2jhm−j(t, τ, ξ)

for (t, τ, ξ) ∈ [0,∞)×R×Rn and γ ∈ R.

Since |p(t, τ − iγ, ξ)|2 =
∏m

j=1((τ − λj(t, ξ))
2 + γ2), we have

(1.1) hk(t, τ, ξ) =
∑

1≤j1<j2<···<jk≤m

k∏
l=1

(τ − λjl(t, ξ))
2 ( 1 ≤ k ≤ m),

where p(t, τ, ξ) =
∏m

j=1(τ − λj(t, ξ)). Let R(ξ) be a set-valued function,

whose values are discrete subsets of C, defined for ξ ∈ Sn−1 satisfying the
following: {

For any T > 0 there is NT ∈ Z+ such that

#{λ ∈ R(ξ); Reλ ∈ [0, T ]} ≤ NT for ξ ∈ Sn−1.

Here #A denotes the number of the elements of a set A. We assume that
0 ∈ R(ξ) when R(ξ) ̸= ∅. The subprincipal symbol of P (t,Dt, Dx) is defined
by

sub σ(P )(t, τ, ξ) = Pm−1(t, τ, ξ) +
i

2
∂t∂τp(t, τ, ξ).

We assume

(L-1) for any T > 0 there is C > 0 such that

min{ min
s∈R(ξ)

|t− s|, 1}|sub σ(P )(t, τ, ξ)| ≤ Chm−1(t, τ, ξ)
1/2(1.2)

for (t, τ, ξ) ∈ [0, T ]×R× Sn−1

as the Levi condition for the (m − 1)-th order terms of P . Here we define
mins∈R(ξ) |t − s| = 1 when R(ξ) = ∅. To impose the Levi condition on
the (m − 2)-th order terms of P we have to define some quantities. Let
z0 ≡ (t0, τ0, ξ

0) ∈ [0,∞)×R×Sn−1 satisfy (∂kτ p)(z
0) = 0 ( 0 ≤ k ≤ 2). Define
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a monic polynomial p(t, τ, ξ; z0) of τ of degree 3 satisfying the following:



p(t, τ, ξ; z0) is defined for (t, ξ) ∈ U(z0) and p(t, τ, ξ) is divided
by p(t, τ, ξ; z0) as polynomials of τ , and, putting p̃(t, τ, ξ; z0) =

p(t, τ, ξ)/p(t, τ, ξ; z0),

τ ∈ I(z0) if (t, ξ) ∈ U(z0), |ξ| = 1 and p(t, τ, ξ; z0) = 0,

p̃(t, τ, ξ; z0) ̸= 0 if (t, ξ) ∈ U(z0), |ξ| = 1 and τ ∈ I(z0),

where U(z0) is a neighborhood of (t0, ξ
0) and I(z0) is a neighborhood of τ0.

Then we write

p(t, τ, ξ; z0) = τ 3 + a1(t, ξ; z
0)τ 2 + a2(t, ξ; z

0)τ + a3(t, ξ; z
0).

We define

Q(t, τ, ξ; z0) =Pm−2(t, τ, ξ) +
1

6
∂2t ∂

2
τp(t, τ, ξ; z

0) · p̃(t, τ, ξ; z0)(1.3)

+
1

4
∂t∂

2
τp(t, τ, ξ; z

0) · ∂tp̃(t, τ, ξ; z0)

+
i

12
∂2τsub σ(P )(t, τ, ξ) · ∂t∂2τp(t, τ, ξ; z0)

+
1

24
(∂t∂

2
τp(t, τ, ξ; z

0))2 · ∂τ p̃(t, τ, ξ; z0)

for (t, ξ) ∈ U(z0) and τ ∈ R.

The Levi condition for the (m− 2)-th order terms of P is the following:

(L-2) For any z0 ∈ [0,∞) × R × Sn−1 with (∂kτ p)(z
0) = 0 ( 0 ≤ k ≤ 2)

there is C > 0 such that

min{ min
s∈R(ξ)

|t− s|2, 1}|Q(t,−a1(t, ξ; z0)/3, ξ; z0)|(1.4)

≤ Chm−2(t,−a1(t, ξ; z0)/3, ξ)1/2

for (t, ξ) ∈ U(z0) with |ξ| = 1.

We note that

Q(t, τ, ξ; z0) =P1(t, τ, ξ) +
1

6
∂2t ∂

2
τp(t, τ, ξ)(1.5)

+
i

12
∂2τP2(t, τ, ξ) · ∂t∂2τp(t, τ, ξ)

when m = 3. In [11] we defined the sub-sub-principal symbol sub2 σ(P )(t,
τ, ξ) of P by the right-hand side of (1.5).

Now we can state our main result.
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Theorem 1.2. We assume that the conditions (A-1), (A-2), (H), (T),
(L-1) and (L-2) are satisfied. Then the Cauchy problem (CP) is C∞ well-
posed. Moreover, (CP) has finite propagation property, more precisely, if
(t0, x

0) ∈ (0,∞) × Rn and u ∈ C∞([0,∞) × Rn) satisfies (CP), uj(x) = 0
near {x ∈ Rn; (0, x) ∈ K−

(t0,x0)
} ( 0 ≤ j ≤ m − 1) and f = 0 near K−

(t0,x0)

( in [0,∞)×Rn), then (t0, x
0) /∈ suppu.

Assume that m ≥ 2, and put

µj,k(t, ξ) = (λj(t, ξ)− λk(t, ξ))
2, M =

(
m

2

)
and define {Dl(t, ξ)}1≤l≤M by

τM +
M∑
l=1

Dl(t, ξ)τ
M−l =

∏
1≤j<k≤m

(τ + µj,k(t, ξ)).

Note that DM(t, ξ) (≡ D(t, ξ)) is the discriminant of p(t, τ, ξ) = 0 in τ .
Putting D0(t, ξ) ≡ 1, for each ξ ∈ Sn−1 there is r(ξ) ∈ Z+ such that 0 ≤
r(ξ) ≤M and

DM(t, ξ) ≡ · · · ≡ DM−r(ξ)+1(t, ξ) ≡ 0 in t,

DM−r(ξ)(t, ξ) ̸≡ 0 in t.

It is easy to see that

DM−r(ξ)(t, ξ) =
∏

1≤j<k≤m
µj,k(t,ξ)̸≡0 in t

µj,k(t, ξ),

r(ξ) = #{(j, k); 1 ≤ j < k ≤ m and µj,k(t, ξ) ≡ 0 in t}.

We define

R0(ξ) = {(Reλ)+; λ ∈ Ω and DM−r(ξ)(λ, ξ) = 0} for ξ ∈ Sn−1,

where a+ = max{0, a} for a ∈ R. By Lemma 2.1 below we may assume that
for any T > 0 there is NT ∈ Z+ satisfying

#(R0(ξ) ∩ [0, T ]) ≤ NT for ξ ∈ Sn−1,

modifying Ω if necessary.

Theorem 1.3. Assume that n ≤ 2, and that the condition (T) and the
following conditions (A) and (H)′ are satisfied:
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(A) aj,α(t) ( 1 ≤ j ≤ m, |α| = j, j − 1, j − 2) are real analytic in [0,∞).

(H)′ p(t, τ, ξ) is hyerbolic with respect to ϑ for t ∈ [0,∞).

If the Cauchy problem (CP) is C∞ well-posed and has finite propagation
property, then for any compact interval I ⊂ (0,∞) the following conditions
(L-1)I and (L-2)I are satisfied:

(L-1)I There is C > 0 such that

min{ min
s∈R0(ξ)

|t− s|, 1}|sub σ(P )(t, τ, ξ)| ≤ Chm−1(t, τ, ξ)
1/2

for (t, τ, ξ) ∈ I ×R× Sn−1.

(L-2)I For any z0 = (t0, τ0, ξ
0) ∈ I × R × Sn−1 with (∂kτ p)(z

0) = 0 (
0 ≤ k ≤ 2), there are δ̂ > 0, a neighborhood U of ξ0 and C > 0 such
that

min{ min
s∈R0(ξ)

|t− s|2, 1}|Q(t,−a1(t, ξ; z0)/3, ξ; z0)|

≤ Chm−2(t,−a1(t, ξ; z0)/3, ξ)1/2

for (t, ξ) ∈ (I ∩ [t0 − δ̂, t0 + δ̂])× (Sn−1 ∩ U).

Let U be a semi-algebraic set in R, and let h(t) be a function defined in
U . For the definition of semi-algebraic sets we refer to [14], for example. We
say that h(t) is semi-algebraic in U if the graph {(t, h(t)) ∈ R2; t ∈ U} is a
semi-algebraic set. For basic properties of semi-algebraic functions we refer
to [14] and [15].

Theorem 1.4. Assume that the conditions (H)′, (T) and the following
condition (A)′ are satisfied:

(A)′ aj,α(t) ( 1 ≤ j ≤ m, |α| = j, j − 1, j − 2) are semi-algebraic in [0,∞).

Then the conditions (L-1)[0,T ] and (L-2)[0,T ] for any T > 0 are satisfied if the
Cauchy problem (CP) is C∞ well-posed and has finite propagation property.

The remainder of this paper is organized as follows. §2 and §3 will be
divided into subsections. In §2 we shall prove Theorem 1.2. Theorems 1.3
and 1.4 will be proved in §3.
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2. Proof of Theorem 1.2

2.1. Preliminaries

Let I be an interval of R, and let Γ be an open cone or a closed cone in
Rn \ {0}. Here ‘cone’ means that its vertex is the origin. Let κ, κ′ ∈ R. We
say that a(t, ξ) ∈ Sκ1,0(I × Γ) if a(t, ξ) ∈ C∞(I × Γ) and

|Dj
t∂

α
ξ a(t, ξ)| ≤ Cj,α|ξ|κ−|α|(2.1)

for (t, ξ) ∈ I × (Γ ∩ {|ξ| ≥ 1}) and any j ∈ Z+ and α ∈ (Z+)
n.

When a(t, ξ; ε) also depends on a parameter ε, we say that a(t, ξ; ε) ∈ Sκ1,0(I×
Γ) uniformly in ε if the Cj,α in (2.1) with a(t, ξ) replaced by a(t, ξ; ε) can be
chosen so that they do not depend on ε. Moreover, we say that a(t, τ, ξ) ∈
Sκ,κ

′

1,0 (I×Γ) if a(t, τ, ξ) =
∑[κ]

j=0 aj(t, ξ)τ
j and aj(t, ξ) ∈ Sκ+κ

′−j
1,0 (I×Γ), where

[κ] denotes the largest integer ≤ κ and Sκ,κ
′

1,0 (I × Γ) = {0} if κ < 0. We

also write Sκ1,0(I × Γ) = Sκ,01,0 (I × Γ) and Sκ,−∞
1,0 (I × Γ) =

∩
κ′∈R Sκ,κ

′

1,0 (I × Γ).

When a(t, τ, ξ; ε) =
∑[κ]

j=0 aj(t, ξ; ε)τ
j depend on a parameter ε, we say that

a(t, τ, ξ; ε) ∈ Sκ,κ
′

1,0 (I×Γ) uniformly in ε if aj(t, ξ; ε) ∈ Sκ+κ
′−j

1,0 (I×Γ) uniformly
in ε.

Lemma 2.1. Let Γ be a closed cone in Rn \ {0}, and let a(t, ξ) be a real
analytic symbol defined in [0, 1]×Γ, which is positively homogeneous in ξ. So
there is a complex neighborhood Ω of [0, 1] such that a(t, ξ) is holomorphic in
t ∈ Ω for ξ ∈ Γ. Put

Ra(ξ) =

{
{λ ∈ Ω; a(λ, ξ) = 0} if a(t, ξ) ̸≡ 0 in t,

∅ if a(t, ξ) ≡ 0 in t

for ξ ∈ Γ∩ Sn−1. Then there are N ∈ Z+ and C > 0 such that #Ra(ξ) ≤ N
for ξ ∈ Γ ∩ Sn−1 and

min{ min
s∈Ra(ξ)

|t− s|, 1}|∂ta(t, ξ)| ≤ C|a(t, ξ)| for (t, ξ) ∈ [0, 1]× (Γ ∩ Sn−1)

Remark. It follows from the proof that there are Ck > 0 ( k ∈ N)
satisfying

min{ min
s∈Ra(ξ)

|t− s|k, 1}|∂kt a(t, ξ)| ≤ Ck|a(t, ξ)| if 1 ≤ k ≤ N

min{ min
s∈Ra(ξ)

|t− s|N , 1}|∂kt a(t, ξ)| ≤ Ck|a(t, ξ)| if k > N

for (t, ξ) ∈ [0, 1]× (Γ ∩ Sn−1).
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Proof. Replacing [−δ, δ] and U with [0, 1] and {ξ ∈ Γ; 1/2 ≤ |ξ| ≤ 2},
respectively, we apply the arguments as in the proof of Lemma 2.2 of [12].
Put

κ(ξ) =

∫ 1

0

|a(t, ξ)|2 dt

If κ(ξ) ≡ 0, then the lemma become trivial. So we may assume that κ(ξ) ̸≡ 0.
Let ξ0 ∈ {ξ ∈ Γ; 1/2 ≤ |ξ| ≤ 2}. We apply Hironaka’s resolution theorem
to κ(ξ) ( see [1]). Then there are an open neighborhood U(ξ0) of ξ0, a real

analytic manifold Ũ(ξ0), a proper analytic mapping φ ≡ φ(ξ0) : Ũ(ξ0) ∋
ũ 7→ φ(ũ) (≡ φ(ũ; ξ0)) ∈ U(ξ0) satisfying the following:

(i) φ: Ũ(ξ0) \ Ã → U(ξ0) \ A is an isomorphism, where A = {ξ ∈ Γ;

1/2 ≤ |ξ| ≤ 2 and κ(ξ) = 0} and Ã = φ−1(A).

(ii) For each p ∈ Ũ(ξ0) there are local analytic coordinates X (≡ Xp) =
(X1, · · · , Xn) (= (Xp

1 , · · · , Xp
n)) centered at p, r(p) ∈ Z+ with r(p) ≤ n,

sk(p) ∈ N ( 1 ≤ k ≤ r(p)), a neighborhood Ũ(ξ0; p) of p and a real

analytic function e(X) in Ṽ (ξ0; p) such that e(X) > 0 for X ∈ Ṽ (ξ0; p)
and

κ(φ(ũ)) = e(X(ũ))

r(p)∏
k=1

Xk(ũ)
2sk(p) ( ũ ∈ Ũ(ξ0; p)),

where Ṽ (ξ0; p) = {X(ũ); ũ ∈ Ũ(ξ0; p)} and
∏r(p)

k=1 · · · = 1 if r(p) = 0.

Here Ṽ (ξ0; p) is a neighborhood of 0 in Rn and we have used the fact

that κ(ξ) ≥ 0. Define φ̃ (≡ φ̃(ξ0, p)) : Ṽ (ξ0; p) → U(ξ0) by φ̃(X(ũ)) (≡
φ̃(Xp(ũ); ξ0, p)) = φ(ũ) (≡ φ(ũ; ξ0)) for ũ ∈ Ũ(ξ0; p). Let U0(ξ

0) be a

compact neighborhood of ξ0 in U(ξ0), and put Ũ0(ξ
0) = φ−1(U0(ξ

0)). Fix

p ∈ Ũ0(ξ
0), and put

α(p) = (s1(p), · · · , sr(p)(p), 0, · · · , 0) ∈ (Z+)
n,

cα(t; p) =
1

α!
∂αXa(t, φ̃(X))|X=0.

Note that α ≥ α(p) if α ∈ (Z+)
n and cα(t; p) ̸≡ 0 in t ( see the proof of

Lemma 2.2 of [12]). So we can write

a(t, φ̃(X)) = Xα(p)a(t,X; p),

a(t,X; p) = cα(p)(t; p) + b(t,X; p),

where b(t,X; p) is real analytic in (t,X) and satisfies b(t, 0; p) = 0. Since
cα(p)(t; p) ̸≡ 0 in t, we can apply the Weierstrass preparation theorem to
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a(t,X; p) at (t,X) = (t0, 0), where t0 ∈ [0, 1]. Then there are δ(p, t0) >

0, a neighborhood Ṽ (p, t0) of 0 in Ṽ (ξ0; p), m(p, t0) ∈ Z+, a real analytic

function c(t,X; p, t0) defined in [t0 − δ(p, t0), t0 + δ(p, t0)]× Ṽ (p, t0) and real

analytic functions ak(X; p, t0) defined in Ṽ (p, t0) ( 1 ≤ k ≤ m(p, t0)) such
that c(t,X; p, t0) ̸= 0 and

a(t,X; p)

= c(t,X; p, t0)(t
m(p,t0) + a1(X; p, t0)t

m(p,t0)−1 + · · ·+ am(p,t0)(X; p, t0))

in [t0 − δ(p, t0), t0 + δ(p, t0)]× Ṽ (p, t0). Note that δ(p, t0), Ṽ (p, t0), m(p, t0),
c(t,X; p, t0) and the ak(X; p, t0) also depend on ξ0. So we can write

a(t, φ̃(X)) = Xα(p)c(t,X; p, t0)

m(p,t0)∏
k=1

(t− tk(X; p, t0))

for (t,X) ∈ [t0 − δ(p, t0), t0 + δ(p, t0)]× Ṽ (p, t0). We may assume that

Ra(φ̃(X)) =

{
{t1(X; p, t0), · · · , tm(p,t0)(X; p, t0)} if X1 · · ·Xr(p) ̸= 0,

∅ if X1 · · ·Xr(p) = 0.

Then we have

(2.2) min{ min
s∈Ra(φ̃(X))

|t− s|, 1}|∂ta(t, φ̃(X))| ≤ C(p, t0)|a(t, φ̃(X))|

for (t,X) ∈ [t0 − δ(p, t0), t0 + δ(p, t0)] × Ṽ (p, t0), where C(p, t0) > 0. Since

[0, 1] × {ξ ∈ Γ; 1/2 ≤ |ξ| ≤ 2} and Ũ0(ξ
0) are compact, compactness argu-

ments prove the lemma.

From the assumption (T) there are δ1 > 0, N0 ∈ N, m(j, k) ∈ N, open
cones Γj in Rn \ {0}, r(j) ∈ N, compact intervals Jj,k and pj,k(t, τ, ξ) ∈
Sm(j,k)
1,0 ([0, δ1]× (Γj \{0})) ( 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j)) such that m(j, k) ≤ 3,

the pj,k(t, τ, ξ) are monic polynomials of τ and positively homogeneous of
degreem(j, k) in (τ, ξ) ∈ R×(Γj \{0}) such that

∪N0

j=1 Γj ⊃ Sn−1, Jj,k∩Jj,l =
∅ for 1 ≤ j ≤ N0 and 1 ≤ k < l ≤ r(j),

(2.3) p(t, τ, ξ) =

r(j)∏
k=1

pj,k(t, τ, ξ) for (t, τ, ξ) ∈ [0, δ1]×R× (Γj ∩ Sn−1),

τ ∈ Jj,k if 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j), (t, ξ) ∈ [0, δ1]× (Γj ∩ Sn−1), τ ∈ C and
pj,k(t, τ, ξ) = 0, and for each (j, k) with 1 ≤ j ≤ N0 and 1 ≤ k ≤ r(j) there
is (τ̂ , ξ̂) ∈ R× (Γj ∩ Sn−1) satisfying

(∂µτ p
j,k)(0, τ̂ , ξ̂) = 0 ( 0 ≤ µ ≤ m(j, k)− 1).
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Let δ > 0 and Γ be a closed cone in Rn \ {0}. We say that a(t, ξ) ∈
Acl([0, δ]×Γ) if a(t, ξ) is real analytic in [0, δ]×Γ and a classical symbol, i.e.,
when a(t, ξ) ̸≡ 0, there are κ ∈ Z and real analytic symbols aj(t, ξ) (j ∈ Z+)
such that a0(t, ξ) ̸≡ 0, aj(t, ξ) is positively homogeneous of degree (κ− j) in
ξ ( j ∈ Z+) and a(t, ξ) ∼

∑∞
j=0 aj(t, ξ), i.e.,

|a(t, ξ)−
N−1∑
j=0

aj(t, ξ)| ≤ CN |ξ|κ−N

for (t, ξ) ∈ [0, δ]× Γ with |ξ| ≥ 1 and N ∈ N, where CN > 0. Here a0(t, ξ) is
called the principal symbol of a(t, ξ).

Lemma 2.2. Assume that p(t, τ, ξ) ∈ Acl([0, δ]× Γ)[τ ] is a monic polyno-
mial of τ , positively homogeneous of degree m ( ∈ N) in (τ, ξ) and hyperbolic
in τ , i.e., p(t, τ ± i, ξ) ̸= 0 for (t, τ, ξ) ∈ [0, δ]×R× Γ. Write

p(t, τ, ξ) =
m∏
j=1

(τ − λj(t, ξ)).

Then, for each fixed ξ ∈ Γ ∩ Sn−1 we can enumerate {λj(t, ξ)} so that the
λj(t, ξ) are real analytic in t ∈ [0, δ]. Moreover, for any ν ∈ Z+ there is
Nν(≡ Nν(p)) ⊂ Γ satisfying the following:

(i) λξ ∈ Nν if λ > 0 and ξ ∈ Nν.

(ii) µn(Nν) = 0.

(iii) There is Nν ∈ Z+ such that

#{t ∈ [0, δ]; ∂µt (λj(t, ξ)− λk(t, ξ)) = 0} ≤ Nν

if 0 ≤ µ ≤ ν, 1 ≤ j < k ≤ m and ∂µt (λj(t, ξ)− λk(t, ξ)) ̸≡ 0 in t,

#{t ∈ [0, δ]; ∂µt λj(t, ξ) = 0} ≤ Nν

if 0 ≤ µ ≤ ν, 1 ≤ j ≤ m and ∂µt λj(t, ξ) ̸≡ 0 in t

for ξ ∈ Γ \ Nν.

Here µn denotes the Lebesgue measure in Rn.

Remark. The lemma is a generalization of Lemma 2.3 in [11]. We also
need to apply the lemma to ∂τp

j,k(t, τ, ξ) with m(j, k) = 3.

11



Proof. We will modify the proof of Lemma 2.3 of [11]. First fix
ξ ∈ Γ ∩ Sn−1. For t0 ∈ [0, δ] At0 denotes the convergent power series ring of
(t − t0). Since At0 is a unique factorization domain, At0 [τ ] is also a unique
factorization domain. Applying the same argument as in the proof of Lemma
2.3 of [11], we can prove the first part of the lemma. In doing so we note
that λj0(t0+ zr, ξ) is analytic in a complex neighborhood of z = 0 with some
r ∈ N and that λj0(t0 + zr, ξ) can be expanded as a power series of z ( see
the proof of Lemma 2.3 of [11]). Hyperbolicity implies that λj0(t0 + zr, ξ) is
real if zr is real, and that λj0(t0 + zr, ξ) is a power series of zr. So we can
take r = 1 and λj0(t, ξ) is analytic in t near t = t0. We denote by Σ the
quotient field of Acl([0, δ] × Γ). Then Σ[τ ] is a unique factorization domain
and p(t, τ, ξ) ∈ Σ[τ ]. Write

τp(t, τ, ξ) = p1(t, τ, ξ)r1 · · · pσ(t, τ, ξ)rσ ,

where σ, rj ∈ N, the pj(t, τ, ξ) ( ∈ Σ[τ ]) are irreducible in Σ[τ ] and pj(t, τ, ξ)
and pk(t, τ, ξ) are mutually prime if j ̸= k. Define q(t, τ, ξ) =

∏σ
j=1 p

j(t, τ, ξ),
and let D(t, ξ) be the discriminant of q(t, τ, ξ) = 0 in τ . Then there are
dk(t, ξ) ∈ Acl([0, δ]× Γ) \ {0} ( k = 0, 1) such that

D(t, ξ) = d0(t, ξ)/d1(t, ξ),

since D(t, ξ) ̸= 0 in Σ. Here we may assume that the dk(t, ξ) are positively
homogeneous in ξ ( see the proof of Lemma 2.3 of [11]). Write q(t, τ, ξ) =
τ m̂ +

∑m̂−1
j=1 âj(t, ξ)τ

m̂−j. Similarly, there are âlj(t, ξ) ∈ Acl([0, δ] × Γ) ( 1 ≤
j ≤ m̂ − 1, l = 0, 1) such that the âlj(t, ξ) are positively homogeneous in
ξ, â1j(t, ξ) ̸= 0 (in Acl([0, δ] × Γ)) and âj(t, ξ) = â0j(t, ξ)/â

1
j(t, ξ), since the

âj(t, ξ) are positively homogeneous in ξ. Put

N0 = {ξ ∈ Γ; d0(t, ξ)d1(t, ξ)
m̂−1∏
j=1

â1j(t, ξ) ≡ 0 in t ∈ [0, δ]}.

Then we have µn(N0) = 0. We can choose functions λ̂j(t, ξ) ( 1 ≤ j ≤ m̂)

defined in [0, δ] × (Γ \ N0) such that the λ̂j(t, ξ) are real analytic in t for a
fixed ξ ∈ Γ \ N0 and

q(t, τ, ξ) =
m̂∏
j=1

(τ − λ̂j(t, ξ)) for t ∈ [0, δ] and ξ ∈ Γ \ N0.

Note that

{λ̂1(t, ξ), · · · , λ̂m̂(t, ξ)} = {0, λ1(t, ξ), · · · , λm(t, ξ)}
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for (t, ξ) ∈ [0, δ] × (Γ \ N0). We may assume that λ̂m̂(t, ξ) ≡ 0. Note that
the âj(t, ξ) are real analytic in t ∈ [0, δ] for ξ ∈ Γ \ N0. If ξ ∈ Γ \ N0 and

t ∈ Dξ ≡ {s ∈ [0, δ]; d0(s, ξ)d1(s, ξ)
m̂−1∏
j=1

â1j(s, ξ) ̸= 0},

then the roots of q(t, τ, ξ) = 0 in τ are simple. It follows from Lemma 2.2
and its remark of [12] that there is N0 ∈ Z+ satisfying #([0, δ] \ Dξ) ≤ N0

for ξ ∈ Γ \ N0. This proves the second part of the lemma for ν = 0. Let
ξ ∈ Γ \ N0. Then we have

∂τq(t, τ, ξ)|τ=λ̂j(t,ξ) · ∂tλ̂j(t, ξ) + ∂tq(t, τ, ξ)|τ=λ̂j(t,ξ) = 0

for 1 ≤ j ≤ m̂. Therefore, for t ∈ Dξ we have

∂tλ̂j(t, ξ) = −∂tq(t, τ, ξ)|τ=λ̂j(t,ξ)/∂τq(t, τ, ξ)|τ=λ̂j(t,ξ) ( 1 ≤ j ≤ m̂).

Since λ̂m̂(t, ξ) ≡ 0, we have

m̂∏
j=1

∂tλ̂j(t, ξ) ≡ 0.

Noting that∏
k ̸=j

(λ̂j(t, ξ)− λ̂k(t, ξ))∂τq(t, τ, ξ)|τ=λ̂k(t,ξ)

=
∏

1≤k,l≤m̂, k ̸=l

(λ̂k(t, ξ)− λ̂l(t, ξ)) = (−1)m̂(m̂−1)/2D(t, ξ)

for a fixed j with 1 ≤ j ≤ m̂, we can write the other fundamental symmetric
expressions as follows:

m̂∑
j=1

∏
k ̸=j

∂tλ̂k(t, ξ)

= (−1)m̂−1+m̂(m̂−1)/2

×
m̂∑
j=1

∏
k ̸=j

{(λ̂k(t, ξ)− λ̂j(t, ξ))∂tq(t, τ, ξ)|τ=λ̂k(t,ξ)}/D(t, ξ)

= Em̂−1(t, ξ)/D(t, ξ),

· · ·
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m̂∑
j=1

∂tλ̂j(t, ξ) = E1(t, ξ)/D(t, ξ),

where the Ek(t, ξ) are polynomials of {∂ltâj(t, ξ)}1≤j≤m̂−1, l=0,1. Put

p̃(t, τ, ξ) = τ m̂ − E1(t, ξ)D(t, ξ)−1τ m̂−1 + E2(t, ξ)D(t, ξ)−1τ m̂−2

+ · · ·+ (−1)m̂−1Em̂−1(t, ξ)D(t, ξ)−1τ(
=

m̂∏
j=1

(τ − ∂tλ̂j(t, ξ))
)
.

Let us repeat the above argument with τp replaced by p̃. We write

p̃(t, τ, ξ) = p̃1(t, τ, ξ)r
′
1 · · · p̃σ′

(t, τ, ξ)r
′
σ′ ,

where σ′, r′j ∈ N, the p̃j(t, τ, ξ) ( ∈ Σ[τ ]) are irreducible in Σ[τ ] and p̃j(t, τ, ξ)
and p̃k(t, τ, ξ) are mutually prime if j ̸= k. Put

q̃(t, τ, ξ) =
σ′∏
j=1

p̃j(t, τ, ξ),

and let D̃(t, ξ) be the discriminant of q̃(t, τ, ξ) = 0 in τ . Then we can write

D̃(t, ξ) = d̃0(t, ξ)/d̃1(t, ξ),

where d̃k(t, ξ) ∈ Acl([0, δ] × Γ) \ {0}. Here we may assume that the d̃k(t, ξ)
are positively homogeneous in ξ. Write

q̃(t, τ, ξ) = τ m̃ +
m̃−1∑
j=1

ãj(t, ξ)τ
m̃−j,

ãj(t, ξ) = ã0j(t, ξ)/ã
1
j(t, ξ) ( 1 ≤ j ≤ m̃− 1),

where ãlj(t, ξ) ∈ Acl([0, δ] × Γ) ( 1 ≤ j ≤ m̃ − 1, l = 0, 1) are positively
homogeneous in ξ and ã1j(t, ξ) ̸= 0 in Acl([0, δ]× Γ). Define

N1 = {ξ ∈ Γ; d̃0(t, ξ)d̃1(t, ξ)
m̃−1∏
j=1

ã1j(t, ξ) ≡ 0 in t ∈ [0, δ]} ∪ N0.

Then we have µn(N1) = 0. It is obvious that N1 is a cone. Similarly, there
is N1 ∈ Z+ such that

#{t ∈ [0, δ]; ∂t(λ̂j(t, ξ)− λ̂k(t, ξ)) = 0}
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(≤ #{t ∈ [0, δ]; d̃0(t, ξ)d̃1(t, ξ)
m̃−1∏
j=1

ã1j(t, ξ) = 0}) ≤ N1

if ξ ∈ Γ \ N1, 1 ≤ j < k ≤ m̂ and ∂t(λ̂j(t, ξ)− λ̂k(t, ξ)) ̸≡ 0 in t. This proves
the second part of the lemma for ν = 1. Repeating the above arguments we
can prove the lemma for ν = 2, 3, · · · , inductively.

We choose ρ(t) ∈ E{κ0}(R) so that ρ(t) ≥ 0,
∫
ρ(t) dt = 1 and supp ρ ⊂

{t ∈ R; |t| ≤ 1}. Define

aj,α(t; ε) =

∫
ρε(s)aj,α(t− s) ds ( 3 ≤ j ≤ m, |α| ≤ j − 3),

Pk(t, τ, ξ; ε) =
m∑

j=m−k

∑
|α|=k+j−m

aj,α(t; ε)τ
m−jξα ( 0 ≤ k ≤ m− 3),

P (t, τ, ξ; ε) =
2∑

k=0

Pm−k(t, τ, ξ) +
m∑
k=3

Pm−k(t, τ, ξ; ε)

for 0 < ε ≤ 1, where ρε(t) = ε−1ρ(t/ε).
We approximate P (t, τ, ξ) by P (t, τ, ξ; ε) in order to prove that (CP)

has finite propagation property. We factorized p(t, τ, ξ) as (2.3). By the
factorization theorem we can write

P (t, τ, ξ; ε)(2.4)

= P j,1(t, τ, ξ; ε) ◦ P j,2(t, τ, ξ; ε) ◦ · · · ◦ P j,r(j)(t, τ, ξ; ε) +Rj(t, τ, ξ; ε)

for 1 ≤ j ≤ N0, (t, ξ) ∈ [0, δ1]× Γj with |ξ| ≥ 1 and ε ∈ (0, 1], where

P j,k(t, τ, ξ; ε) = pj,k(t, τ, ξ) + qj,k0 (t, τ, ξ) + qj,k1 (t, τ, ξ) + rj,k(t, τ, ξ; ε),

qj,kl (t, τ, ξ) ∈ Sm(j,k)−1,−l
1,0 ([0, δ1] × (Γj \ {0})) ( l = 0, 1) are positively ho-

mogeneous of degree (m(j, k) − 1 − l) in (τ, ξ) for |ξ| ≥ 1, rj,k(t, τ, ξ; ε) ∈
Sm(j,k)−1,−2
1,0 ([0, δ1]× (Γj \{0})) uniformly in ε and Rj(t, τ, ξ; ε) ∈ Sm−1,−∞

1,0 ([0,

δ1] × (Γj \ {0})) uniformly in ε ( see, e.g., [5] and, also, [12]). Here we de-
note by a(t, τ, ξ) ◦ b(t, τ, ξ) the symbol of a(t,Dt, Dx)b(t,Dt, Dx). There are
compact intervals Ij,k ( 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j)) and M > 0 such that

r(j)∪
k=1

Ij,k = [−M,M ],
◦
Ij,k ∩

◦
Ij,l = ∅ ( 1 ≤ j ≤ N0, k ̸= l),

τ ∈
◦
Ij,k if 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j), (t, τ, ξ) ∈ [0, δ1]×R× (Γj ∩ Sn−1)
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and pj,k(t, τ, ξ) = 0,

where
◦
I denotes the interior of I ( ⊂ R). For 1 ≤ j ≤ N0 and J ⊂

{1, 2, · · · , r(j)} we define

Πj
J(t, τ, ξ) =

∏
1≤µ≤r(j), µ/∈J

pj,µ(t, τ, ξ).

Now we fix j with 1 ≤ j ≤ N0. Until the end of the proof of Lemma 2.4
except the statements of Lemmas 2.3 and 2.4 we omit the subscript j and
the superscript j of Γj, P

j,k(·), Rj(·), pj,k(·), Ij,k, Πj
J(t, τ, ξ), · · · , and “j”

of r(j), m(j, k), · · · and so on, i.e., we write Γj, P
j,k(·), Rj(·), pj,k(·), Ij,k,

Πj
J(t, τ, ξ), r(j), m(j, k), · · · as Γ, P k(·), R(·), pk(·), Ik, ΠJ(t, τ, ξ), r, m(k),

· · · , respectively. Let a(t, τ, ξ) and b(t, τ, ξ) be defined in U . We write

a(t, τ, ξ) = O(b(t, τ, ξ)) for (t, τ, ξ) ∈ U

if there is C > 0 satisfying

|a(t, τ, ξ)| ≤ C|b(t, τ, ξ)| for (t, τ, ξ) ∈ U .

Assume that a(t, τ, ξ), b(t, τ, ξ) ≥ 0. We write

a(t, τ, ξ) ≈ b(t, τ, ξ) for (t, τ, ξ) ∈ U

if there is C > 0 satisfying

C−1a(t, τ, ξ) ≤ b(t, τ, ξ) ≤ Ca(t, τ, ξ) for (t, τ, ξ) ∈ U .

Lemma 2.3. Let 1 ≤ j ≤ N0. We have

sub σ(P )(t, τ, ξ) =

r(j)∑
k=1

sub σ(P j,k)(t, τ, ξ)Πj
{k}(t, τ, ξ)(2.5)

− i

2

∑
1≤k<l≤r(j)

{pj,k, pj,l}(t, τ, ξ)Πj
{k,l}(t, τ, ξ)

=

r(j)∑
k=1

sub σ(P j,k)(t, τ, ξ)Πj
{k}(t, τ, ξ) +O(hm−1(t, τ, ξ)

1/2)

for (t, τ, ξ) ∈ [0, δ1]×R× Γj with |ξ| ≥ 1,

where

{pj,k, pj,l}(t, τ, ξ) = ∂τp
j,k(t, τ, ξ) · ∂tpj,l(t, τ, ξ)− ∂tp

j,k(t, τ, ξ)∂τp
j,l(t, τ, ξ).
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Moreover, we have

Pm−2(t, τ, ξ)(2.6)

=

r(j)∑
k=1

qj,k1 Πj
{k} − i

∑
1≤k<l≤r(j), ν ̸=k,l

∂τp
j,k · ∂tpj,l · sub σ(P j,ν)Πj

{k,l,ν}

+
∑

1≤k<l≤r(j)

sub σ(P j,k)sub σ(P j,l)Πj
{k,l}

− i

2

∑
1≤k,l≤r(j), k ̸=l

∂t∂τp
j,k · sub σ(P j,l)Πj

{k,l}

− i
∑

1≤k<l≤r(j)

{∂τpj,k · ∂tsub σ(P j,l) + ∂tp
j,l · ∂τsub σ(P j,k)}Πj

{k,l}

− 1

2

∑
1≤k<l≤r(j)

{∂τpj,k · ∂2t ∂τpj,l + ∂tp
j,l · ∂t∂2τpj,k}Π

j
{k,l}

+O(hm−2(t, τ, ξ)
1/2) for (t, τ, ξ) ∈ [0, δ1]×R× Γj with |ξ| ≥ 1,

where qj,k = qj,k(t, τ, ξ), Πj
{k} = Πj

{k}(t, τ, ξ), ∂τp
j,k = ∂τp

j,k(t, τ, ξ), sub σ

(P j,ν) = sub σ(P j,ν)(t, τ, ξ), · · · .

Proof. We can prove by induction on r that

P 1(t, τ, ξ; ε) ◦ P 2(t, τ, ξ; ε) ◦ · · · ◦ P r(t, τ, ξ; ε)(2.7)

−
[ r∏
k=1

pk(t, τ, ξ) +
r∑

k=1

qk0(t, τ, ξ)Π{k}

− i
∑

1≤k<l≤r

∂τp
k · ∂tpl · Π{k,l}

− i
∑

1≤k<l≤r, ν ̸=k,l

∂τp
k · ∂tpl · qν0Π{k,l,ν}

+
r∑

k=1

qk1Π{k} +
∑

1≤k<l≤r

qk0q
l
0Π{k,l}

− i
∑

1≤k<l≤r

{∂τpk · ∂tql0 + ∂tp
l · ∂τqk0}Π{k,l}

− 1

2

∑
1≤k<l≤r

∂2τp
k · ∂2t pl · Π{k,l}

−
∑

1≤k<l<ν≤r

∂2τp
k · ∂tpl · ∂tpν · Π{k,l,ν}
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−
∑

1≤k<l<ν≤r

∂τp
k · {∂t∂τpl · ∂tpν + ∂τp

l · ∂2t pν}Π{k,l,ν}

−
∑

1≤k<l≤r, k<ν<µ≤r
ν ̸=l, µ ̸=l

∂τp
k · ∂tpl · ∂τpν · ∂tpµ · Π{k,l,ν,µ}

]
∈ Sm−1,−2

1,0 ([0, δ1]× (Γ \ {0})) uniformly in ε,

where, for example, Π{k} =
∏

1≤l≤r, l ̸=k p
l(t, τ, ξ). It follows from (1.1) that

hm(k)−l(t, τ, ξ; p
k) ≈ hm−l(t, τ, ξ)(2.8)

for (t, τ, ξ) ∈ [0, δ1]× Ik × (Γ ∩ Sn−1)

if 1 ≤ k ≤ r and 0 ≤ l ≤ m(k),

hm(k)−l(t, τ, ξ; p
k) ≈ (|τ |+ 1)2m(k)−2l(2.9)

for (t, τ, ξ) ∈ [0, δ1]× (R \ Ik)× (Γ ∩ Sn−1)

if 1 ≤ k ≤ r and 0 ≤ l ≤ m(k),

hm−l(t, τ, ξ) ≈ (|τ |+ 1)2m−2l(2.10)

for (t, τ, ξ) ∈ [0, δ1]× ((−∞,−M) ∪ (M,∞))× (Γ ∩ Sn−1)

if 1 ≤ l ≤ m.

We have also, with C > 0,

(2.11) |∂µt ∂ντ pk(t, τ, ξ)| ≤ Chm(k)−µ−ν(t, τ, ξ)
1/2(|τ |+ 1)µ

for 1 ≤ k ≤ r, µ, ν ∈ Z+ with µ+ ν < m(k) and (t, τ, ξ) ∈ [0, δ1]×R× (Γ ∩
Sn−1). (2.7) – (2.11) prove the lemma.

Now assume that (L-1) is satisfied. Let 1 ≤ k0 ≤ r with m(k0) = 3. Then
there is C > 0 such that

min{ min
s∈R(ξ)

|t− s|, 1}|sub σ(P k0)(t, τ, ξ)| ≤ Ch2(t, τ, ξ; p
k0)1/2

for (t, τ, ξ) ∈ [0, δ1]×R× (Γ ∩ Sn−1). Write

pk(t, τ, ξ) =

m(k)∏
l=1

(τ − λkl (t, ξ)),

pkµ(t, τ, ξ) = pk(t, τ, ξ)/(τ − λkµ(t, ξ))

( 1 ≤ k ≤ r, 1 ≤ µ ≤ m(k)). Note that h2(t, τ, ξ; p
k0) =

∑3
µ=1 p

k0
µ (t, τ, ξ)2. It

follows from Lagrange’s interpolation formula that there are functions bµ(t, ξ)
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( 1 ≤ µ ≤ 3) and C > 0 satisfying

sub σ(P k0)(t, τ, ξ) =
3∑

µ=1

bµ(t, ξ)p
k0
µ (t, τ, ξ),(2.12)

min{ min
s∈R(ξ)

|t− s|, 1}|bµ(t, ξ)| ≤ C(2.13)

for (t, ξ) ∈ [0, δ1]× (Γ ∩ Sn−1) ( see the proof of Lemma 2.5 of [11]).

Lemma 2.4. Assume that (L-1) is satisfied, and that 1 ≤ j ≤ N0, 1 ≤
k0 ≤ r(j) and m(j, k0) = 3. Then there is C > 0 such that

min{ min
s∈R(ξ/|ξ|)

|t− s|, 1}|∂µτ sub σ(P j,k0)(t, τ, ξ)|(2.14)

≤ Ch2−µ(t, τ, ξ; p
j,k0)1/2 ( µ ≤ 2),

min{ min
s∈R(ξ/|ξ|)

|t− s|2, 1}|∂tsub σ(P j,k0)(t, τ, ξ)|/(|τ |+ |ξ|)(2.15)

≤ Ch1(t, τ, ξ; p
j,k0)1/2

for (t, τ, ξ) ∈ [0, δ1]×R× Γj with |ξ| ≥ 1, modifying R(ξ) if necessary.

Proof. (2.14) easily follows from (2.12) and (2.13). Write pk0(t, τ, ξ) =
τ 3 + ak01 (t, ξ)τ 2 + ak02 (t, ξ)τ + ak03 (t, ξ). We have

sub σ(P k0)(t, τ, ξ) = sub σ(P k0)(t,−ak01 (t, ξ)/3, ξ)

+ (τ + ak01 (t, ξ)/3)(∂τsub σ(P
k0))(t,−ak01 (t, ξ)/3, ξ)

+
1

2
(τ + ak01 (t, ξ)/3)2(∂2τsub σ(P

k0))(t, 0, ξ),

noting that degτ sub σ(P
k0)(t, τ, ξ) ≤ 2. Therefore, we have

|∂tsub σ(P k0)(t, τ, ξ)| ≤ |∂tsub σ(P k0)(t,−ak01 /3, ξ)|(2.16)

+
1

3
|∂tak01 (t, ξ)| · |(∂τsub σ(P k0))(t,−ak01 /3, ξ)|

+ |τ + ak01 /3| · |∂t(∂τsub σ(P k0))(t,−ak01 /3, ξ)|
+ |τ + ak01 /3| |∂tak01 (t, ξ)|/3 · |(∂2τsub σ(P k0))(t, 0, ξ)|

+
1

2
|τ + ak01 /3|2 · |∂t(∂2τsub σ(P k0))(t, 0, ξ)|.

Modifying R(ξ) if necessary, we can assume that

{Reλ; λ ∈ Ω1 and sub σ(P k0)(λ,−ak01 (λ, ξ)/3, ξ) = 0}
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⊂ R(ξ) If sub σ(P k0)(t,−ak01 (t, ξ)/3, ξ) ̸≡ 0 in t

for ξ ∈ Γ ∩ Sn−1, where Ω1 is a compact complex neighborhood of [0, δ1].
Lemma 2.1 yields

min{ min
s∈R(ξ/|ξ|)

|t− s|2, 1}|∂tsub σ(P k0)(t,−ak01 (t, ξ)/3, ξ)|

≤ Cmin{ min
s∈R(ξ/|ξ|)

|t− s|, 1}|sub σ(P k0)(t,−ak01 (t, ξ)/3, ξ)|

for (t, ξ) ∈ [0, δ1]×Γ with |ξ| ≥ 1, where C > 0. Note that −ak01 (t, ξ)/3 ∈ Ik0
for (t, ξ) ∈ [0, δ1] × (Γ ∩ Sn−1). So by (L-1), (2.8) and (1.1) we have, with
C > 0,

min{ min
s∈R(ξ/|ξ|)

|t− s|2, 1}|∂tsub σ(P k0)(t,−ak01 (t, ξ)/3, ξ)|/|ξ|(2.17)

≤ Ch1(t,−ak01 (t, ξ)/3, ξ; pk0)1/2

for (t, ξ) ∈ [0, δ1]× Γ with |ξ| ≥ 1. Since

|τ + ak01 (t, ξ)/3| ≤ 1

3

3∑
µ=1

|τ − λk0µ (t, ξ)| ≤ h1(t, τ, ξ; p
k0)1/2,

h1(t,−ak01 (t, ξ)/3, ξ; pk0)1/2 ≤
3∑

µ=1

|ak01 (t, ξ)/3 + λk0µ (t, ξ)|

≤ 2

3
{|λk01 (t, ξ)− λk02 (t, ξ)|+ |λk02 − λk03 |+ |λk03 − λk01 |}

≤ 4

3

3∑
µ=1

|τ − λk0µ (t, ξ)| ≤ 4h1(t, τ, ξ; p
k0)1/2

for (t, τ, ξ) ∈ [0, δ1]×R×Γ with |ξ| ≥ 1, (2.14), (2.16) and (2.17) give (2.15).

We wrote

pj,k(t, τ, ξ) = τ 3 + aj,k1 (t, ξ)τ 2 + aj,k2 (t, ξ)τ + aj,k3 (t, ξ)

if 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 3. We say that (L-1) for [0, δ] is
satisfied if (1.2) is satisfied with [0, T ] replaced by [0, δ], and that (L-2) for
[0, δ] is satisfied if (1.4) is satisfied with [0,∞) replaced by [0, δ].

Lemma 2.5. (i) (L-1) for [0, δ1] is satisfied if and only if there is C > 0
such that

min{ min
s∈R(ξ)

|t− s|, 1}|sub σ(P j,k)(t, τ, ξ)|(2.18)
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≤ Chm(j,k)−1(t, τ, ξ; p
j,k)1/2 for (t, τ, ξ) ∈ [0, δ1]×R× (Γ ∩ Sn−1)

provided 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 2 or 3.
(ii) Assume that (L-1) for [0, δ1] is satisfied. Then (L-2) for [0, δ1] is satisfied
if and only if there is C > 0 such that

min{ min
s∈R(ξ)

|t− s|2, 1}|sub2 σ(P j,k)(t,−aj,k1 (t, ξ)/3, ξ)|(2.19)

≤ Ch1(t,−aj,k1 (t, ξ)/3, ξ; pj,k)1/2 for (t, ξ) ∈ [0, δ1]× (Γj ∩ Sn−1)

provided 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 3, modifying R(ξ) if
necessary, where

sub2 σ(P j,k)(t, τ, ξ)(2.20)

= qj,k1 (t, τ, ξ) +
1

6
∂2t ∂

2
τp

j,k(t, τ, ξ) +
i

12
∂2τ q

j,k
0 (t, τ, ξ) · ∂t∂2τpj,k(t, τ, ξ).

Remark. In the lemma the interval [0, δ1] can be replaced by a closed
subinterval of [0, δ1]. From (2.5) we can see that whether the sub σ(P j,k)(t, τ,
ξ) satisfy (2.18) or not does not depend on the order of the product in (2.4)
while they depend on the order. Moreover, (2.26) below implies that whether
the sub2 σ(P j,k)(t, τ, ξ) satisfy (2.19) or not does not depend on the order of
the product in (2.4) while they depend on the order.

Proof. (2.5) and (2.8) – (2.10) prove the first assertion (i). Assume
that 1 ≤ j ≤ N0, z

0 = (t0, τ0, ξ
0) ∈ [0, δ1] ×R × (Γj ∩ Sn−1), (∂lτp)(z

0) = 0

( 0 ≤ l ≤ 2), 1 ≤ k0 ≤ r(j), m(j, k0) = 3 and τ0 ∈
◦
Ij,k0 . Note that

p(t, τ, ξ; z0) = pj,k0(t, τ, ξ) and p̃(t, τ, ξ; z0) = Πj
{k0}(t, τ, ξ). Moreover, we may

assume that U(z0) = [0, δ1]× (Γj \ {0}) and I(z0) = Ij,k0 in the definition of
Q(t, τ, ξ; z0), and Q(t, τ, ξ; z0) is defined in [0, δ1] ×R × (Γj \ {0}). We say
that

a(t, τ, ξ) ≡ 0 ( mod (L-2)) at z0 for (t, ξ) ∈ [0, δ1]× Γj with |ξ| ≥ 1

if there is C > 0 such that

min{ min
s∈R(ξ)

|t− s|2, 1}a(t,−aj,k01 (t, ξ)/3, ξ)| ≤ Chm−2(t,−aj,k01 (t, ξ)/3, ξ)1/2

for (t, ξ) ∈ [0, δ1]× (Γj ∩ Sn−1).

(L-2) implies that Q(t, τ, ξ; z0) ≡ 0 ( mod (L-2)) at z0 for (t, ξ) ∈ [0, δ1]× Γj
with |ξ| ≥ 1. It follows from (2.6) that

qj,k01 (t, τ, ξ)Πj
{k0}(t, τ, ξ) = Pm−2(t, τ, ξ)(2.21)
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+ i
∑

1≤k<l≤r(j)
k,l ̸=k0

∂τp
j,k(t, τ, ξ) · ∂tpj,l(t, τ, ξ) · sub σ(P j,k0)(t, τ, ξ)

× Πj
{k0,k,l}(t, τ, ξ)

−
∑

1≤k≤r(j), k ̸=k0

sub σ(P j,k0)sub σ(P j,k)Πj
{k0,k}

+
i

2

∑
1≤k≤r(j), k ̸=k0

∂t∂τp
j,k · sub σ(P j,k0)Πj

{k0,k}

+ i
∑

k0<k≤r(j)

∂tp
j,k · ∂τsub σ(P j,k0) · Πj

{k0,k}

+ i
∑

1≤k<k0

∂τp
j,k · ∂tsub σ(P j,k0) · Πj

{k0,k}

+
1

2

∑
k0<k≤r(j)

∂tp
j,k · ∂t∂2τpj,k0 · Π

j
{k0,k}

+
1

2

∑
1≤k<k0

∂τp
j,k · ∂2t ∂τpj,k0 · Π

j
{k0,k} +O(hm−2(t, τ, ξ)

1/2)

for (t, τ, ξ) ∈ [0, δ1]× Ij,k0 × Γj with |ξ| ≥ 1,

where sub σ(P j,k0) = sub σ(P j,k0)(t, τ, ξ), · · · , since

Πj
{k}(t, τ, ξ) = O(pj,k0(t, τ, ξ)|ξ|m−m(j,k)−3)

= O(hm−2(t, τ, ξ)
1/2|ξ|−m(j,k)+2) ( k ̸= k0),

∂τp
j,k0(t, τ, ξ) = O(h2(t, τ, ξ; p

j,k0)1/2),

∂tp
j,k0(t, τ, ξ) = O(h2(t, τ, ξ; p

j,k0)1/2|ξ|),
∂t∂τp

j,k0(t, τ, ξ) = O(h1(t, τ, ξ; p
j,k0)1/2|ξ|)

for (t, τ, ξ) ∈ [0, δ1]× Ij,k0 × Γ with |ξ| ≥ 1.

It also follows from (1.3) and Lemma 2.3 that

Pm−2(t, τ, ξ) +
1

6
∂2t ∂

2
τp

j,k0(t, τ, ξ) · Πj
{k0}(t, τ, ξ)(2.22)

+
i

12
∂2τsub σ(P )(t, τ, ξ) · ∂t∂2τpj,k0(t, τ, ξ)

= Q(t, τ, ξ; z0)− 1

4
∂t∂

2
τp

j,k0(t, τ, ξ) · ∂tΠj
{k0}(t, τ, ξ)

− 1

24
(∂t∂

2
τp

j,k0(t, τ, ξ))2 · ∂τΠj
{k0}(t, τ, ξ),

{∂2τ q
j,k0
0 (t, τ, ξ) · Πj

{k0}(t, τ, ξ)− ∂2τsub σ(P )(t, τ, ξ)}∂t∂2τpj,k0(t, τ, ξ)(2.23)
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= −{2∂τsub σ(P j,k0) · ∂τΠj
{k0}(t, τ, ξ)

+ sub σ(P j,k0) · ∂2τΠ
j
{k0}(t, τ, ξ)}∂t∂

2
τp

j,k0(t, τ, ξ)

+
i

2

∑
k0<k≤r(j)

{6∂tpj,k − ∂t∂
2
τp

j,k0 · ∂τpj,k}Πj
{k0,k} · ∂t∂

2
τp

j,k0

− i

2

∑
1≤k<k0

{6∂tpj,k − ∂t∂
2
τp

j,k0 · ∂τpj,k}Πj
{k0,k} · ∂t∂

2
τp

j,k0

+O(hm−2(t, τ, ξ)
1/2)

for (t, τ, ξ) ∈ [0, δ1]× Ij,k0 × Γj with |ξ| ≥ 1,

since

∂2τsub σ(P
j,k0)(t, τ, ξ) = ∂2τ q

j,k0
0 (t, τ, ξ),

∂2τ{pj,k0(t, τ, ξ), pj,k(t, τ, ξ)}
= 6∂tp

j,k(t, τ, ξ)− ∂t∂
2
τp

j,k0(t, τ, ξ) · ∂τpj,k(t, τ, ξ)
+O(h1(t, τ, ξ; p

j,k0)1/2|ξ|m(j,k)−1)

for (t, τ, ξ) ∈ [0, δ1]× Ij,k0 × Γj with |ξ| ≥ 1 and k ̸= k0,

h1(t, τ, ξ; p
j,k0)1/2|ξ|m−3 = O(hm−2(t, τ, ξ)

1/2)

for (t, τ, ξ) ∈ [0, δ1]× Ij,k0 × Γj with |ξ| ≥ 1.

Therefore, (2.20) – (2.23) yield

sub2 σ(P j,k0)(t, τ, ξ)Πj
{k0}(t, τ, ξ)(2.24)

= qj,k01 (t, τ, ξ)Πj
{k0}(t, τ, ξ)

+
1

6
∂2t ∂

2
τp

j,k0(t, τ, ξ) · Πj
{k0} +

i

12
∂2τsub σ(P )∂t∂

2
τp

j,k0

+
i

12
{∂2τ q

j,k0
0 · Πj

{k0} − ∂2τsub σ(P )}∂t∂2τpj,k0

= Pm−2(t, τ, ξ) +
1

6
∂2t ∂

2
τp

j,k0 · Πj
{k0}

+
i

12
∂2τsub σ(P ) · ∂t∂2τpj,k0

+ i
∑

1≤k<l≤r(j)
k,l ̸=k0

∂τp
j,k · ∂tpj,l · sub σ(P j,k0)Πj

{k0,k,l}

−
∑

1≤k≤r(j), k ̸=k0

sub σ(P j,k0)sub σ(P j,k)Πj
{k0,k}

+
i

2

∑
1≤k≤r(j), k ̸=k0

∂t∂τp
j,k · sub σ(P j,k0)Πj

{k0,k}
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+ i
∑

k0<k≤r(j)

∂tp
j,k · ∂τsub σ(P j,k0) · Πj

{k0,k}

+ i
∑

1≤k<k0

∂τp
j,k · ∂tsub σ(P j,k0) · Πj

{k0,k}

+
1

2

∑
k0<k≤r(j)

∂tp
j,k · ∂t∂2τpj,k0 · Π

j
{k0,k}

+
1

2

∑
1≤k<k0

∂τp
j,k · ∂2t ∂τpj,k0 · Π

j
{k0,k} +O(hm−2(t, τ, ξ)

1/2)

+
i

12
{∂2τ q

j,k0
0 · Πj

{k0} − ∂2τsub σ(P )}∂t∂2τpj,k0

= i
∑

1≤k<l≤r(j)
k,l ̸=k0

∂τp
j,k(t, τ, ξ) · ∂tpj,l(t, τ, ξ) · sub σ(P j,k0)(t, τ, ξ)

× Πj
{k0,k,l}(t, τ, ξ)

−
∑

1≤k≤r(j), k ̸=k0

sub σ(P j,k0)sub σ(P j,k)Πj
{k0,k}

+
i

2

∑
1≤k≤r(j), k ̸=k0

∂t∂τp
j,k · sub σ(P j,k0)Πj

{k0,k}

+ i
∑

1≤k<k0

∂τp
j,k · ∂tsub σ(P j,k0) · Πj

{k0,k}

+ i
∑

k0<k≤r(j)

∂tp
j,k · ∂τsub σ(P j,k0) · Πj

{k0,k}

+
1

2

∑
1≤k<k0

∂τp
j,k · ∂2t ∂τpj,k0 · Π

j
{k0,k} +Q(t, τ, ξ; z0)

− 1

12

∑
1≤k<k0

(∂t∂
2
τp

j,k0)2∂τp
j,k · Πj

{k0,k}

− i

12
{2∂τsub σ(P j,k0) · ∂τΠj

{k0} + sub σ(P j,k0)∂2τΠ
j
{k0}}∂t∂

2
τp

j,k0

+O(hm−2(t, τ, ξ)
1/2)

for (t, τ, ξ) ∈ [0, δ1]× Ij,k0 × Γj with |ξ| ≥ 1,

since

∂τΠ
j
{k0}(t, τ, ξ) =

∑
k0<k≤r(j)

∂τp
j,k · Πj

{k0,k} +
∑

1≤k<k0

∂τp
j,k · Πj

{k0,k},

∂tΠ
j
{k0}(t, τ, ξ) =

∑
k0<k≤r(j)

∂tp
j,k · Πj

{k0,k} +
∑

1≤k<k0

∂tp
j,k · Πj

{k0,k}.
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It follows from (2.14), (2.15), and (2.24) that

sub2 σ(P j,k0)(t, τ, ξ)Πj
{k0}(t, τ, ξ)(2.25)

≡ Q(t, τ, ξ; z0) +
1

2

∑
1≤k<k0

{∂2t ∂τpj,k0 −
1

6
(∂t∂

2
τp

j,k0)2}∂τpj,k · Πj
{k0,k}

( mod (L-2)) at z0 for (t, ξ) ∈ [0, δ1]× Γj with |ξ| ≥ 1.

On the other hand, we have

(∂2t ∂τp
j,k0)(t,−aj,k01 (t, ξ)/3, ξ)− 1

6
((∂t∂

2
τp

j,k0)(t,−aj,k01 /3, ξ))2

= ∂t{(∂t∂τpj,k0)(t,−aj,k01 /3, ξ)}

since

∂ta
j,k0
1 (t, ξ) =

1

2
∂t∂

2
τp

j,k0(t, τ, ξ).

Modifying R(ξ) if necessary, we can assume that

{Reλ; λ ∈ Ω1 and (∂t∂τp
j,k0)(λ,−aj,k01 (λ, ξ)/3, ξ) = 0} ⊂ R(ξ)

if (∂t∂τp
j,k0)(t,−aj,k01 (t, ξ)/3, ξ) ̸≡ 0 in t,

where Ω1 is a compact complex neighborhood of [0, δ1]. Since, with C > 0,

|(∂t∂τpj,k0)(t,−aj,k01 (t, ξ)/3, ξ)| ≤ Ch1(t,−aj,k01 /3, ξ; pj,k0)1/2|ξ|
for (t, ξ) ∈ [0, δ1]× Γj with |ξ| ≥ 1,

Lemma 2.1 and (2.25) give

sub2 σ(P j,k0)(t, τ, ξ)Πj
{k0}(t, τ, ξ) ≡ Q(t, τ, ξ; z0) ( mod (L-2)) at z0(2.26)

for (t, ξ) ∈ [0, δ1]× Γj with |ξ| ≥ 1,

which proves the assertion (ii).

2.2. Proof of Theorem 1.2

In this subsection we assume that the conditions (A-1), (A-2), (H) and (T)
are satisfied. In order to prove Theorem 1.2 we first derive energy estimates
for each factor in (2.4). Fix j with 1 ≤ j ≤ N0, and define

p(l)(t, τ, ξ) = ∂lτp(t, τ, ξ) =
m!

(m− l)!

m−l∏
µ=1

(τ − λ(l)µ (t, ξ)) ( 1 ≤ l ≤ m− 1),
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pj,k(l)(t, τ, ξ) = ∂lτp
j,k(t, τ, ξ) =

m(j, k)!

(m(j, k)− l)!

m(j,k)−l∏
µ=1

(τ − λj,k(l)µ (t, ξ))

( 1 ≤ l ≤ m(j, k)− 1)

for (t, ξ) ∈ [0, δ1] × Γj with |ξ| ≥ 1 and 1 ≤ k ≤ r(j), where p(t, τ, ξ) =∏m
µ=1(τ − λµ(t, ξ)) and p

j,k(t, τ, ξ) =
∏m(j,k)

µ=1 (τ − λj,kµ (t, ξ)). Here, by Lemma

2.2 we may assume that the λµ(t, ξ), λ
(l)
µ (t, ξ), λj,kµ (t, ξ) and λ

j,k(l)
µ (t, ξ) are

real analytic in t ∈ [0, δ1]. We write, for 1 ≤ k ≤ r(j),

pj,kl (t, τ, ξ) =
∏

1≤µ≤m(j,k), µ ̸=l

(τ − λj,kµ (t, ξ)) if m(j, k) = 2 or 3,

pj,ki,l (t, τ, ξ) =
∏

1≤µ≤m(j,k), µ ̸=i,l

(τ − λj,kµ (t, ξ))

if i ̸= l and m(j, k) = 3,

p
j,k(1)
l (t, τ, ξ) = 3(τ − λj,k(1)µ (t, ξ))

if m(j, k) = 3, l = 1, 2 and {l, µ} = {1, 2},

Pj,k
l (t, τ, ξ) = pj,kl (t, τ, ξ)− i

2
∂t∂τp

j,k
l (t, τ, ξ) if m(j, k) = 2 or 3.(2.27)

Note that Pj,k
l (t, τ, ξ) = pj,kl (t, τ, ξ) if m(j, k) = 2.

Lemma 2.6. (i) (L-1) for [0, δ1] is satisfied if and only if there are symbols
bj,k1,l (t, ξ) ( 1 ≤ l ≤ m(j, k)) and C > 0 such that the bj,k1,l (t, ξ) are positively
homogeneous of degree 0 in ξ and

sub σ(P j,k)(t, τ, ξ) =

m(j,k)∑
l=1

bj,k1,l (t, ξ)p
j,k
l (t, τ, ξ),(2.28)

min{ min
s∈R(ξ)

|t− s|, 1}|bj,k1,l (t, ξ)| ≤ C ( 1 ≤ l ≤ m(j, k))(2.29)

for (t, τ, ξ) ∈ ([0, δ1] \ R(ξ))×R× (Γj ∩ Sn−1)

provided that 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 2 or 3.
(ii) Assume that (L-1) for [0, δ1] is satisfied. Then (L-2) for [0, δ1] is satisfied
if and only if there are symbols bj,k2,l (t, ξ) ( l = 1, 2) and C > 0 such that the

bj,k2,l (t, ξ) are positively homogeneous of degree 0 in ξ and

sub2 σ(P j,k)(t, τ, ξ) =
1

6
(∂2τ q

j,k
1 )(t, 0, ξ)

3∑
l=1

pj,kl (t, τ, ξ)
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+
2∑
l=1

bj,k2,l (t, ξ)p
j,k(1)
l (t, τ, ξ),

min{ min
s∈R(ξ)

|t− s|2, 1}|bj,k2,l (t, ξ)| ≤ C ( l = 1, 2)(2.30)

for (t, τ, ξ) ∈ ([0, δ1] \ R(ξ))×R× (Γj ∩ Sn−1)

provided that 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 3.

Proof. Since

hm(j,k)−1(t, τ, ξ; p
j,k) =

m(j,k)∑
l=1

pj,kl (t, τ, ξ)2

if 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 2 or 3,

(2.18) and Lemma 2.5 of [11] with r = m(j, k) prove the assertion (i). Let
us prove the assertion (ii). Assume that 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and
m(j, k) = 3, and put

f(t, τ, ξ) = sub2 σ(P j,k)(t, τ, ξ)− 1

2
∂2τ q

j,k
1 (t, τ, ξ)(τ 2 − (aj,k1 (t, ξ)/3)2).

Note that ∂2τ q
j,k
1 (t, τ, ξ) does not depend on τ . f(t, τ, ξ) is a polynomial of τ

of degree 1 and positively homogeneous of degree 1 in (τ, ξ). Then we can
prove that, with some C1, C2 > 0,

min{ min
s∈R(ξ)

|t− s|2, 1}|f(t, τ, ξ)| ≤ C1h1(t, τ, ξ; p
j,k)1/2(2.31)

for (t, τ, ξ) ∈ [0, δ1]×R× (Γj ∩ Sn−1)

if and only if

min{ min
s∈R(ξ)

|t− s|2, 1}|f(t,−aj,k1 (t, ξ)/3, ξ)|

≤ C1h1(t,−aj,k1 (t, ξ)/3, ξ; pj,k)1/2 for (t, ξ) ∈ [0, δ1]× (Γj ∩ Sn−1).

Indeed, we have

f(t, τ, ξ) = f(t,−aj,k1 (t, ξ)/3, ξ) + (τ + aj,k1 (t, ξ)/3)∂τf(t, τ, ξ)

= f(t,−aj,k1 (t, ξ)/3, ξ) +O(h1(t, τ, ξ; p
j,k)1/2).

By (2.4) of [11] we have

h1(t, τ, ξ; p
j,k) ≤ 1

2
h1(t, τ, ξ; p

j,k(1)) =
1

2

2∑
l=1

p
j,k(1)
l (t, τ, ξ)2.
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We have also

τ 2 − (aj,k1 (t, ξ)/3)2 =
1

3
pj,k(1)(t, τ, ξ)− 2

9
aj,k1 (t, ξ)

3∑
l=1

(τ − λj,kl (t, ξ))

+

√
3

18
(aj,k1 (t, ξ)2/3− aj,k2 (t, ξ))1/2|pj,k(1)1 (t, τ, ξ)− p

j,k(1)
2 (t, τ, ξ)|,

∂2τ q
k
1(t, τ, ξ)(τ

2 − (aj,k1 (t, ξ)/3)2) =
1

3
∂2τ q

k
1(t, τ, ξ)p

j,k(1)(t, τ, ξ)

+O(h1(t, τ, ξ; p
j,k(1))1/2).

Since
f(t,−aj,k1 (t, ξ)/3, ξ) = sub2 σ(P j,k)(t,−aj,k1 (t, ξ)/3, ξ),

(2.19), (2.31) and Lemma 2.5 of [11] with r = 2 prove the assertion (ii).

We assume that the hypotheses of Theorem 1.2 are fulfilled. Now let us
repeat the same arguments as in §2 and §4 of [11]. Assume that 1 ≤ j ≤ N0

and 1 ≤ k ≤ r(j). It is easy to see that

(τ − λj,kl (t, ξ)) ◦ Pj,k
l (t, τ, ξ) = pj,k(t, τ, ξ)− i

2
∂t∂τp

j,k(t, τ, ξ)

− i

2

∑
µ ̸=l

∂t(λ
j,k
l (t, ξ)− λj,kµ (t, ξ)) · pj,kl,µ(t, τ, ξ)−

1

2
∂2t ∂τp

j,k
l (t, τ, ξ)

for 1 ≤ l ≤ 3 and (t, τ, ξ) ∈ [0, δ1]×R× Γj with |ξ| ≥ 1

if m(j, k) = 3. So we have

(τ − λj,kl (t, ξ)) ◦ Pj,k
l (t, τ, ξ)(2.32)

= pj,k(t, τ, ξ)− i

2
∂t∂τp

j,k(t, τ, ξ)− 1

6
∂2t ∂

2
τp

j,k(t, τ, ξ)

− i

2

∑
h̸=l

∂t(λ
j,k
l (t, ξ)− λj,kh (t, ξ)) · pj,kl,h(t, τ, ξ)

− 1

6
∂2t {(λ

j,k
l (t, ξ)− λj,kµ (t, ξ)) + (λj,kl (t, ξ)− λj,kν (t, ξ))}

for 1 ≤ l ≤ 3 and (t, τ, ξ) ∈ [0, δ1]×R× Γj with |ξ| ≥ 1

if m(j, k) = 3, where {l, µ, ν} = {1, 2, 3}. We have also

(τ − λj,kl (t, ξ)) ◦ pj,kl (t, τ, ξ)

= pj,k(t, τ, ξ)− i

2
∂t∂τp

j,k(t, τ, ξ)− i

2
∂t(λ

j,k
l (t, ξ)− λj,kµ (t, ξ))

for l = 1, 2 and (t, τ, ξ) ∈ [0, δ1]×R× Γj with |ξ| ≥ 1
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if m(j, k) = 2, where {l, µ} = {1, 2}. Moreover, we have

(τ − λ
j,k(1)
l (t, ξ)) ◦ pj,k(1)l (t, τ, ξ)(2.33)

=
3∑

ν=1

Pj,k
ν (t, τ, ξ)− 3i

2
∂t(λ

j,k(1)
l (t, ξ)− λj,k(1)µ (t, ξ))

if m(j, k) = 3, l = 1, 2, (t, τ, ξ) ∈ [0, δ1]×R× Γj, |ξ| ≥ 1 and {l, µ} = {1, 2}.

(I) Let consider the case where 1 ≤ k ≤ N0, 1 ≤ k ≤ r(j) andm(j, k) = 3.
Define

W j,k
0 (t, ξ; γ) =

∑
s∈R(ξ/|ξ|)∩[0,δ1+1]

⟨ξ⟩3/2γ ((t− s)2⟨ξ⟩4/3γ + 1)−1/2,

+
∑

1≤l<µ≤3

{(∂t(λj,kl (t, ξ)− λj,kµ (t, ξ)))2 + 1}1/2

× {(λj,kl (t, ξ)− λj,kµ (t, ξ))2 + 1}−1/2 + 1,

W j,k
1 (t, ξ)

=
∑

1≤l<µ≤3

|∂2t (λ
j,k
l (t, ξ)− λj,kµ (t, ξ))|(|∂t(λj,kl (t, ξ)− λj,kµ (t, ξ))|+ 1)−1

+ |∂t(λj,k(1)2 (t, ξ)− λ
j,k(1)
1 (t, ξ))|(|λj,k(1)2 (t, ξ)− λ

j,k(1)
1 (t, ξ)|+ 1)−1,

Λj,k(t, ξ; γ) =

∫ t

0

(W j,k
0 (s, ξ; γ) +W j,k

1 (s, ξ)) ds

for (t, ξ) ∈ [0, δ1] × (Γj \ N j,k) with |ξ| ≥ 1 and γ ≥ 1, where N j,k =
N2(p) ∪ N1(p

j,k(1)) ∪ {0} and ⟨ξ⟩γ = (γ2 + |ξ|2)1/2. It follows from Lemma
2.2, Lemma 2.4 of [11] and Theorem 1 of [9] that there is C0 > 0 satisfying

(2.34) 0 ≤ Λj,k(t, ξ; γ) ≤ C0(log⟨ξ⟩γ + 1)

for (t, ξ) ∈ [0, δ1] × (Γj \ N j,k) and γ ≥ 1. For (t, ξ) ∈ [0, δ1] × (Γj \ N j,k)
with |ξ| ≥ 1, A ≥ 1 and v(t, ξ) ∈ C2([0, δ1];L

∞(Rn)) we define

E j,k(t, ξ; v; γ,A) =
3∑
l=1

e−AΛ
j,k |Pj,k

l v|2

+
2∑
l=1

W j,k
0 (t, ξ; γ)2e−AΛ

j,k |pj,k(1)l v|2 +W j,k
0 (t, ξ; γ)4e−AΛ

j,k |v|2,

where Λj,k = Λj,k(t, ξ; γ), Pj,k
l = Pj,k

l (t,Dt, ξ) and p
j,k(1)
l = p

j,k(1)
l (t,Dt, ξ).

Then we have

DtE j,k(t, ξ; v; γ,A)(2.35)
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= i
3∑
l=1

[AΛj,kt e
−AΛj,k |Pj,k

l v|2 + 2 Im{e−AΛj,k

(DtPj,k
l v) · (Pj,k

l v)}]

+ i

2∑
l=1

[(A(W j,k
0 )2Λj,kt − 2W j,k

0 W j,k
0t )e

−AΛj,k |pj,k(1)l v|2

+ 2 Im{(W j,k
0 )2e−AΛ

j,k

(Dtp
j,k(1)
l v) · (pj,k(1)l v)}]

+ i[(A(W j,k
0 )4Λj,kt − 4(W j,k

0 )3W j,k
0t )e

−AΛj,k |v|2

+ 2 Im{(W j,k
0 )4e−AΛ

j,k

(Dtv) · v̄}],

where Λj,kt = ∂tΛ
j,k(t, ξ; γ) andW j,k

0t = ∂tW
j,k
0 (t, ξ; γ). Since the λj,kl (t, ξ) and

the λ
j,k(1)
l (t, ξ) are real-valued, it follows from (2.32) and (2.33) that

Im{e−AΛj,k

(DtPj,k
l v) · (Pj,k

l v)}(2.36)

= Im{e−AΛj,k

((Dt − λj,kl )Pj,k
l v) · (Pj,k

l v)}

= Im{e−AΛj,k

((pj,k − i

2
(∂t∂τp

j,k)(t,Dt, ξ))v) · (Pj,k
l v)}

− Im{e−AΛj,k

((∂2t ∂
2
τp

j,k)(t,Dt, ξ)v) · (Pj,k
l v)}/6

− Re
{
e−AΛ

j,k
∑
µ ̸=l

(λj,klt − λj,kµt )(p
j,k
l,µv) · (P

j,k
l v)

}
/2

− Im
{
e−AΛ

j,k
∑
µ̸=l

(λj,kltt − λj,kµtt)v · (P
j,k
l v)

}
/6,

Im{(W j,k
0 )2e−AΛ

j,k

(Dtp
j,k(1)
l v) · (pj,k(1)l v)}(2.37)

= Im{(W j,k
0 )2e−AΛ

j,k

((Dt − λ
j,k(1)
l )p

j,k(1)
l v) · (pj,k(1)l v)}

=
3∑

µ=1

Im{(W j,k
0 )2e−AΛ

j,k

(Pj,k
µ v) · (pj,k(1)l v)}

− 3Re{(−1)l(W j,k
0 )2e−AΛ

j,k

(λ
j,k(1)
2t − λ

j,k(1)
1t )v · (pj,k(1)l v)}/2,

Im{(W j,k
0 )4e−AΛ

j,k

(Dtv) · v}(2.38)

= Im
{ 2∑
l=1

(W j,k
0 )4e−AΛ

j,k

(p
j,k(1)
l v) · v̄

}
/6,

where λj,kl = λj,kl (t, ξ), λj,klt = ∂tλ
j,k
l (t, ξ), λj,kltt = ∂2t λ

j,k
l (t, ξ), pj,kl,µ = pj,kl,µ(t,Dt,

ξ) and so forth. Put

f̂ε(t, ξ) = P j,k(t,Dt, ξ; ε)v(t, ξ),
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qj,k(t, τ, ξ; ε) =
1∑
l=0

qj,kl (t, τ, ξ) + r(t, τ, ξ; ε)

and write

qj,k1 (t, τ, ξ) + rj,k(t, τ, ξ; ε) =
2∑
l=0

βj,kl (t, ξ; ε)τ 2−l

βj,kl (t, ξ; ε) = βj,kl,0 (t, ξ) + βj,kl,1 (t, ξ; ε),

where βj,kl,0 (t, ξ) ∈ S−1+l
1,0 ([0, δ1] × (Γj \ {0})) is positively homogeneous of

degree (−1+ l) in ξ and βj,kl,1 (t, ξ; ε) ∈ S−2+l
1,0 ([0, δ1]× (Γj \ {0})) uniformly in

ε ( l = 0, 1, 2). Note that

qj,k1 (t, τ, ξ) =
2∑
l=0

βj,kl,0 (t, ξ)τ
2−l.

Since

|∂tW j,k
0 (t, ξ; γ)|

≤ W j,k
0 (t, ξ; γ)(W j,k

0 (t, ξ; γ) +
√
2W j,k

1 (t, ξ)) ≤ 2W j,k
0 (t, ξ; γ)Λj,kt (t, ξ; γ),

pj,k(t,Dt, ξ)v(t, ξ) = P j,k(t,Dt, ξ; ε)v − qj,k(t,Dt, ξ; ε)v

= f̂ε(t, ξ)− qj,kv,

(2.35) – (2.38) yield

∂tE j,k(t, ξ; v; γ,A) ≤ 3(Λj,kt )−1e−AΛ
j,k |f̂ε(t, ξ)|2

−
3∑
l=1

[
(A− 4)Λj,kt e

−AΛj,k |Pj,k
l v|2

− (Λj,kt )−1e−AΛ
j,k
∣∣∣(qj,k + i

2
(∂t∂τp

j,k) +
1

6
(∂2t ∂

2
τp

j,k))v
∣∣∣2

− (Λj,kt )−1e−AΛ
j,k

∑
µ ̸=l

|λj,klt − λj,kµt |2{|p
j,k
l,µv|

2/4 + (W j,k
1 )2|v|2/36}

]
− (A− 10)

2∑
l=1

(W j,k
0 )2Λj,kt e

−AΛj,k |pj,k(1)l v|2

+ 2(W j,k
0 )2(Λj,kt )−1e−AΛ

j,k
{ 3∑
l=1

|Pj,k
l v|2 + 9

4
(W j,k

1 )2|λj,k(1)2 − λ
j,k(1)
1 |2|v|2

}
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− (A− 13)(W j,k
0 )4Λj,kt e

−AΛj,k |v|2 +
2∑
l=1

(W j,k
0 )4(Λj,kt )−1e−AΛ

j,k |pj,k(1)l v|2/6,

where (∂t∂τp
j,k) = (∂t∂τp

j,k)(t,Dt, ξ), · · · . First assume that (t, ξ) ∈ [0, δ1]×
(Γj \ N j,k), |ξ| ≥ γ ≥ 1 and

(2.39) min{ min
s∈R(ξ/|ξ|)

|t− s|, 1} ≤ ⟨ξ⟩−2/3
γ .

Then we have
W j,k

0 (t, ξ; γ) ≥ ⟨ξ⟩2/3γ /
√
2.

So we have, with some C > 0,

(Λj,kt )−1e−AΛ
j,k
∣∣∣(qj,k + i

2
(∂t∂τp

j,k) +
1

6
(∂2t ∂

2
τp

j,k))v
∣∣∣2

≤ C(Λj,kt )−1e−AΛ
j,k
{ 3∑
l=1

|Pj,k
l v|2 +

2∑
l=1

(W j,k
0 )3|pj,k(1)l v|2 + (W j,k

0 )6|v|2
}

≤ CΛj,kt e
−AΛj,k

{ 3∑
l=1

|Pj,k
l v|2 +

2∑
l=1

(W j,k
0 )2|pj,k(1)l v|2 + (W j,k

0 )4|v|2
}
,

since there are cj,kµ (t, ξ; ε) ∈ Sµ1,0([0, δ1] × (Γj \ {0})) ( µ = 0, 1, 2) uniformly
in ε satisfying

qj,k(t, τ, ξ; ε) +
i

2
∂t∂τp

j,k(t, τ, ξ) +
1

6
∂2t ∂

2
τp

j,k(t, τ, ξ)

= cj,k0 (t, ξ; ε)
3∑
l=1

Pj,k
l (t, τ, ξ) + cj,k1 (t, ξ; ε)

2∑
l=1

p
j,k(1)
l (t, τ, ξ) + cj,k2 (t, ξ; ε).

Note that there is C > 0 such that

|λj,klt (t, ξ)| ≤ C|ξ| for 1 ≤ l ≤ 3 and (t, ξ) ∈ [0, δ1]× Γj with |ξ| ≥ 1

( see, e.g., Theorem 1 of [9]). Then it follows from (4.11) of [11] that, with
C > 0,

(Λj,kt )−1e−AΛ
j,k

∑
µ̸=l

|λj,klt − λj,kµt |2{|p
j,k
l,µv|

2/4 + (W j,k
1 )2|v|2/36}

≤ CΛj,kt e
−AΛj,k

{ 2∑
µ=1

(W j,k
0 )2|pj,k(1)µ v|2 + (W j,k

0 )4|v|2
}

( 1 ≤ l ≤ 3),

2(W j,k
0 )2(Λj,kt )−1e−AΛ

j,k
{ 3∑
µ=1

|Pj,k
µ v|+ 9(W j,k

1 )2|λj,k(1)2 − λ
j,k(1)
1 |2|v|2/4

}
32



≤ CΛj,kt e
−AΛj,k

{ 3∑
µ=1

|Pj,k
µ v|2 + (W j,k

0 )2
2∑

µ=1

|pj,k(1)µ v|2
}
.

Therefore, there is A0 > 0 satisfying

(2.40) ∂tE j,k(t, ξ; v; γ,A) ≤ 3|f̂ε(t, ξ)|2

for ε ∈ (0, 1] and A ≥ A0 if (2.39) is satisfied. Next assume that (t, ξ) ∈
[0, δ1]× (Γj \ N j,k), |ξ| ≥ γ ≥ 1 and

min{ min
s∈R(ξ/|ξ|)

|t− s|, 1} ≥ ⟨ξ⟩−2/3
γ .

Then we have

(2.41) W j,k
0 (t, ξ; γ) ≥ (

√
2min{ min

s∈R(ξ/|ξ|)∩[0,δ1+1]
|t− s|, 1})−1

Operating ∂2τ in the both sides of (2.28), we have

(2.42) ∂2τsub σ(P
j,k)(t, τ, ξ) = ∂2τ q

j,k
0 (t, τ, ξ) = 2

3∑
l=1

bj,k1,l (t, ξ).

Since

∂t∂τp
j,k
l (t, τ, ξ) = −

∑
µ ̸=l

λj,kµt (t, ξ),

3∑
l=1

∂t∂τp
j,k
l (t, τ, ξ)

= ∂t∂
2
τp

j,k(t, τ, ξ) = 2∂ta
j,k
1 (t, ξ) = −2

3∑
l=1

λj,klt (t, ξ),

∂t∂τp
j,k
l (t, τ, ξ)− ∂t∂

2
τp

j,k(t, τ, ξ)/3 = −
∑
µ̸=l

(λj,kµt (t, ξ)− λj,klt (t, ξ))/3,

τ =
2∑
l=1

p
j,k(1)
l (t, τ, ξ)/6− aj,k1 (t, ξ)/3,

3∑
l=1

Pj,k
l (t, τ, ξ) = ∂τp

j,k(t, τ, ξ)− i

2
∂t∂

2
τp

j,k(t, τ, ξ)

= 3τ 2 + 2aj,k1 (t, ξ)τ + aj,k2 (t, ξ)− i∂ta
j,k
1 (t, ξ),

τ 2 =
3∑
l=1

Pj,k
l (t, τ, ξ)/3− aj,k1 (t, ξ)

2∑
l=1

p
j,k(1)
l (t, τ, ξ)/9
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+ 2(aj,k1 (t, ξ)/3)2 + i∂ta
j,k
1 (t, ξ)/3− aj,k2 (t, ξ)/3,

(2.20), (2.27), (2.42) and Lemma 2.6 give

qj,k(t, τ, ξ; ε) +
i

2
∂t∂τp

j,k(t, τ, ξ) +
1

6
∂2t ∂

2
τp

j,k(t, τ, ξ)

= sub σ(P j,k)(t, τ, ξ) + qj,k1 (t, τ, ξ) + rj,k(t, τ, ξ; ε) +
1

6
∂2t ∂

2
τp

j,k(t, τ, ξ)

=
3∑
l=1

bj,k1l (t, ξ){P
j,k
l (t, τ, ξ) +

i

2
(∂t∂τp

j,k
l (t, τ, ξ)− 1

3
∂t∂

2
τp

j,k(t, τ, ξ))}

+
i

12
∂2τ q

j,k
0 (t, τ, ξ) · ∂t∂2τpj,k(t, τ, ξ) + qj,k1 (t, τ, ξ)

+
1

6
∂2t ∂

2
τp

j,k(t, τ, ξ) + βj,k0,1(t, ξ; ε)τ
2 + βj,k1,1(t, ξ; ε)τ + βj,k2,1(t, ξ; ε)

=
3∑
l=1

bj,k1,l (t, ξ)
{
Pj,k
l (t, ξ)− i

6

∑
µ̸=l

(λj,kµt (t, ξ)− λj,klt (t, ξ))
}

+ sub2 σ(P j,k)(t, τ, ξ) + βj,k0,1(t, ξ; ε)
{ 3∑
l=1

Pj,k
l (t, τ, ξ)/3

− aj,k1 (·)
2∑
l=1

p
j,k(1)
l (t, τ, ξ)/9 + 2(aj,k1 (·)/3)2 − aj,k2 (·)/3

+ i∂ta
j,k
1 (t, ξ)/3

}
+ β1,1(t, ξ; ε)

{ 2∑
l=1

p
j,k(1)
l (t, τ, ξ)/6− aj,k1 (t, ξ)/3

}
+ βj,k2,1(t, ξ; ε)

=
3∑
l=1

(bj,k1,l (t, ξ) + βj,k0 (t, ξ; ε)/3)Pj,k
l (t, τ, ξ)

− i

6

3∑
l=1

∑
µ̸=l

bj,k1,l (t, ξ)(λ
j,k
µt (t, ξ)− λj,klt (t, ξ))

+
2∑
l=1

{bj,k2,l (t, ξ) + βj,k1,1(t, ξ; ε)/6− βj,k0,1(t, ξ; ε)a
j,k
1 (t, ξ)/9}pj,k(1)l (t, ξ)

+ γj,k0 (t, ξ; ε),

where

γj,k0 (t, ξ; ε) =
i

3
βj,k0,0(t, ξ)∂ta

j,k
1 (t, ξ)
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+ βj,k0,1(t, ξ; ε)(2(a
j,k
1 (t, ξ)/3)2 − aj,k2 (t, ξ)/3 + i∂ta

j,k
1 (t, ξ)/3)

− βj,k1,1(t, ξ; ε)a
j,k
1 (t, ξ)/3 + βj,k2,1(t, ξ; ε)

∈ S0
1,0([0, δ1]× (Γj \ {0})) uniformly in ε (∈ (0, 1]).

By (2.29), (2.30), (2.41) and (4.11) of [11] there is C > 0 such that

(Λj,kt )−1e−AΛ
j,k |(qj,k + i

2
(∂t∂τp

j,k) +
1

6
(∂2t ∂

2
τp

j,k))v|2

≤ CΛj,kt e
−AΛj,k

{ 3∑
l=1

|Pj,k
l v|2 +

2∑
l=1

(W j,k
0 )2|pj,k(1)l v|2 + (W j,k

0 )4|v|2
}

for (t, ξ) ∈ [0, δ1]× (Γj \ N j,k) with |ξ| ≥ 1 and ε ∈ (0, 1],

since

|bj,kν,l (t, ξ)| ≤ CW j,k
0 (t, ξ; γ)ν ( ν = 1, 2),

|(λj,kµt (t, ξ)− λj,klt (t, ξ))v|
2

≤ W j,k
0 (t, ξ; γ)2(|λj,kµ (t, ξ)− λj,kl (t, ξ)|2 + 1)|v|2

≤ W j,k
0 (t, ξ; γ)2(|(pj,kµ,ν(t,Dt, ξ)− pj,kl,ν (t,Dt, ξ))v|2 + |v|2)

≤ 2W j,k
0 (t, ξ; γ)2

( 2∑
h=1

|pj,k(1)h v|2 + |v|2
)
,

where {l, µ, ν} = {1, 2, 3}. Similarly, we have, with C > 0,

(Λj,kt )−1e−AΛ
j,k

3∑
l=1

∑
µ̸=l

|λj,klt − λj,kµt |2{|p
j,k
l,µv|

2/4 + (W j,k
1 )2|v|2/36}

≤ Λj,kt e
−AΛj,k

3∑
l=1

∑
µ ̸=l

(|λj,kl − λj,kµ |2 + 1){|pj,kl,µv|
2/4 + (W j,k

0 )2|v|2/36}

≤ CΛj,kt e
−AΛj,k

{ 3∑
l=1

|Pj,k
l v|2 + (W j,k

0 )2
2∑
l=1

|pj,k(1)l v|2 + (W j,k
0 )2|v|2

}
,

(W j,k
0 )2(Λj,kt )−1e−AΛ

j,k

(W j,k
1 )2|λj,k(1)2 − λ

j,k(1)
2 |2|v|2

≤ 2Λj,kt e
−AΛj,k

(W j,k
0 )2

2∑
l=1

|pj,k(1)l v|2/9,

since

|(λj,kl − λj,kµ )pj,kl,µv|
2 = |Pj,k

l v − Pj,k
µ v +

i

2
(λj,klt − λj,kµt )v|2
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≤ 3
{
|Pj,k

l v|2 + |Pj,k
µ v|2 + 2(W j,k

0 )2
( 2∑
h=1

|pj,k(1)h v|2/9 + |v|2
)}
,

(λ
j,k(1)
2 − λ

j,k(1)
1 )v = (p

j,k(1)
2 − p

j,k(1)
1 )v/3.

Therefore, modifying A0 if necessary, we can see that (2.40) holds for (t, ξ) ∈
[0, δ1]× (Γj \ N j,k) with |ξ| ≥ 1, ε ∈ (0, 1] and A ≥ A0. This gives

(2.43) E j,k(t, ξ; v; γ,A) ≤ E j,k(0, ξ; v; γ,A) + 3

∫ t

0

|f̂ε(s, ξ)|2 ds

if A ≥ A0, (t, ξ) ∈ [0, δ1] × (Γj \ N j,k), |ξ| ≥ γ ≥ 1 and ε ∈ (0, 1]. We note
that A0 and C0 in (2.34) depend on P j,k(t, τ, ξ; ε).

Lemma 2.7. Assume that 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 3.
Then there are c > 0 and CA > 0 such that

cE j,k(t, ξ; v; γ,A) ≤
2∑
l=0

⟨ξ⟩4−2l
γ |Dl

tv(t, ξ)|2 ≤ CA⟨ξ⟩4+AC0
γ E j,k(t, ξ; v; γ,A)

for (t, ξ) ∈ [0, δ1] × (Γj \ N j,k) with |ξ| ≥ γ ≥ 1, ε ∈ (0, 1] and v ∈
C2([0, δ1];L

∞(Rn)).

Proof. We can write

D2
t v(t, ξ) =

1

3

3∑
l=1

Pj,k
l (t,Dt, ξ)v(t, ξ)

+
1∑
l=0

cl(t, ξ)D
l
tv(t, ξ) +

i

3
∂ta

j,k
1 (t, ξ) · v(t, ξ),

where |cl(t, ξ)| ≤ C|ξ|2−l. Similarly, we have

Dtv(t, ξ) =
1

6

2∑
l=1

p
j,k(1)
l (t,Dt, ξ)v(t, ξ) + dj,k(t, ξ)v(t, ξ),

where |dj,k(t, ξ)| ≤ C|ξ|. Therefore, we have

2∑
l=0

⟨ξ⟩4−2l
γ |Dl

tv(t, ξ)|2

≤ CA⟨ξ⟩4+AC0
γ e−AΛ

j,k
{ 3∑
l=1

|Pj,k
l v|2 +

2∑
l=1

(W j,k
0 )2|pj,k(1)l v|2 + (W j,k

0 )4|v|2
}
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≤ CA⟨ξ⟩4+AC0
γ E j,k(t, ξ; v; γ,A).

It is obvious that, with C > 0,

E j,k(t, ξ; v; γ,A) ≤ C
2∑
l=0

⟨ξ⟩4−2l
γ |Dl

tv(t, ξ)|2,

since W j,k
0 (t, ξ; γ) ≤ C⟨ξ⟩2/3γ .

Lemma 2.8. Assume that 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 3.
Then for µ ∈ N with µ ≥ 2 and κ ∈ R there are νj,k > 0 and Cµ > 0 such
that

µ∑
l=0

⟨ξ⟩2µ+2κ−2l
γ |Dl

tv(t, ξ)|2(2.44)

≤ Cµ

{ 2∑
l=0

⟨ξ⟩2µ+2κ+4+νj,k−2l
γ |(Dl

tv)(0, ξ)|2

+

∫ t

0

⟨ξ⟩2µ+2κ+νj,k
γ |P j,k(s,Ds, ξ; ε)v(s, ξ)|2 ds

+

µ−3∑
l=0

⟨ξ⟩2µ+2κ−6−2l
γ |Dl

tP
j,k(t,Dt, ξ; ε)v(t, ξ)|2

}
for (t, ξ) ∈ [0, δ1] × (Γj \ N j,k) with |ξ| ≥ γ ≥ 1, ε ∈ (0, 1] and v ∈
C∞([0, δ1];L

∞(Rn)), where
∑µ−3

l=0 · · · = 0 when µ = 2 and the νj,k do not
depend on µ.

Proof. From (2.43) with A = A0 and Lemma 2.7 with A = A0 it follows
that (2.44) is valid for µ = 2 if νj,k ≥ A0C0. Let M ≥ 2, and assume that
(2.44) is valid for µ =M . Then we have

M+1∑
l=0

⟨ξ⟩2M+2+2κ−2l
γ |Dl

tv(t, ξ)|2(2.45)

≤ CM

{ 2∑
l=0

⟨ξ⟩2M+2+2κ+4+νj,k−2l
γ |(Dl

tv)(0, ξ)|2

+

∫ t

0

⟨ξ⟩2M+2+2κ+νj,k
γ |P j,k(s,Ds, ξ; ε)v(s, ξ)|2 ds

+

µ−3∑
l=0

⟨ξ⟩2M+2+2κ−6−2l
γ |Dl

tP
j,k(t,Dt, ξ; ε)v(t, ξ)|2

}
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+ ⟨ξ⟩2κγ |DM+1
t v(t, ξ)|2

for (t, ξ) ∈ [0, δ1] × (Γj \ N j,k) with |ξ| ≥ γ ≥ 1, ε ∈ (0, 1] and v ∈
C∞([0, δ1];L

∞(Rn)). On the other hand, we have

D3
t v(t, ξ) = −

2∑
l=0

aj,k3−l(t, ξ; ε)D
l
tv(t, ξ) + P j,k(t,Dt, ξ; ε)v(t, ξ),

where P j,k(t, τ, ξ; ε) = τ 3 +
∑3

l=1 a
j,k
l (t, ξ; ε)τ 3−l. By induction we can easily

show that for h ∈ Z+ there are symbols aj,k,h3+h−l(t, ξ; ε) ∈ S3+h−l
1,0 ([0, δ1]× (Γj \

{0})) ( l = 0, 1, 2) and bj,k,hh−l (t, ξ; ε) ∈ Sh−l1,0 ([0, δ1] × (Γj \ {0})) uniformly in
ε ∈ (0, 1] ( 0 ≤ l ≤ h) satisfying

D3+h
t v(t, ξ) =

2∑
l=0

aj,k,h3+h−l(t, ξ; ε)D
l
tv(t, ξ)

+
h∑
l=0

bj,k,hh−l (t, ξ; ε)D
l
tP

j,k(t,Dt, ξ; ε)v(t, ξ).

This, with (2.44) for µ = 2 and (2.45), proves that (2.44) is valid for µ =
M + 1.

(II) Next consider the case where 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) andm(j, k) =
2. Define

W j,k
0 (t, ξ; γ) =

∑
s∈R(ξ/|ξ|)∩[0,δ1]

⟨ξ⟩1/2γ ((t− s)2⟨ξ⟩γ + 1)−1/2 + 1,

W j,k
1 (t, ξ) = |∂t(λj,k1 (t, ξ)− λj,k2 (t, ξ))|/(|λj,k1 (t, ξ)− λj,k2 (t, ξ)|+ 1),

Λj,k(t, ξ; γ) =

∫ t

0

(W0(s, ξ; γ) +W1(s, ξ)) ds

for (t, ξ) ∈ [0, δ1]×(Γj \N 0) with |ξ| ≥ 1 and γ ≥ 1, where N 0 = N2(p)∪{0}.
Similarly, we have

|∂tW j,k
0 (t, ξ; γ)| ≤ W j,k

0 (t, ξ; γ)2,

0 ≤ Λj,k(t, ξ; γ) ≤ C0(log⟨ξ⟩γ + 1)

for (t, ξ) ∈ [0, δ1] × (Γj \ N 0) with |ξ| ≥ 1, where C0 > 0. For (t, ξ) ∈
[0, δ1] × (Γj \ N 0) with |ξ| ≥ 1, A ≥ 1 and v(t, ξ) ∈ C1([0, δ1];L

∞(Rn)) we
define

E j,k(t, ξ; v; γ,A) =
2∑
l=1

e−AΛ
j,k |pj,kl v|

2 +W j,k
0 (t, ξ; γ)2e−AΛ

j,k |v|2,
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where Λj,k = Λj,k(t, ξ; γ) and pj,kl = pj,kl (t,Dt, ξ). Then we have

DtE j,k(t, ξ; v; γ,A)

= i
2∑
l=1

AΛj,kt e
−AΛj,k |pj,kl v|

2 + 2i Im{e−AΛj,k

(Dtp
j,k
l v) · (p

j,k
l v)}

+ i(AΛj,kt (W j,k
0 )2 − 2W j,k

0 W j,k
0t )e

−AΛj,k |v|2

+ 2i Im{(W j,k
0 )2e−AΛ

j,k

(Dtv) · v̄},

where Λj,kt = ∂tΛ
j,k(t, ξ; γ), W j,k

0 = W j,k
0 (t, ξ; γ) and W j,k

0t = ∂tW
j,k
0 (t, ξ; γ).

Put

f̂ε(t, ξ) = P j,k(t,Dt, ξ; ε)v(t, ξ)

P j,k(t, τ, ξ; ε) = pj,k(t, τ, ξ) + qj,k(t, τ, ξ) + rj,k(t, τ, ξ; ε),

where qj,k(t, τ, ξ) ∈ S1
1,0([0, δ1]×(Γj\N 0)) is positively homogeneous of degree

1 for |ξ| ≥ 1 and rj,k(t, τ, ξ; ε) ∈ S1,−1
1,0 ([0, δ1]×(Γj\N 0)) uniformly in ε. Then

we have

∂tE j,k(t, ξ; v; γ,A)(2.46)

≤ −
2∑
l=1

[AΛj,kt e
−AΛj,k |pj,kl v|

2

− 2 Im{e−AΛj,k

(Dt − λj,kl )pj,kl v · (p
j,k
l v)}]

− {AΛj,kt (W j,k
0 )2 − 2(W j,k

0 )3}e−AΛj,k |v|2

− Im
{
(W j,k

0 )2e−AΛ
j,k

2∑
l

pj,kl v · v̄
}

≤ −
2∑
l=1

e−AΛ
j,k

[AΛj,kt |pj,kl v|
2 − (Λj,kt )−1|f̂ε|2 − 3Λj,kt |pj,kl v|

2

− 3(Λj,kt )−1|(sub σ(P j,k)(t,Dt, ξ)

+ (−1)l
i

2
∂t(λ

j,k
2 − λj,k1 ))v|2

− 3(Λj,kt )−1|rj,kv|2]
− {AΛj,kt (W j,k

0 )2 − 2(W j,k
0 )3}e−AΛj,k |v|2

+ (Λj,kt )−1(W j,k
0 )2e−AΛ

j,k
2∑
l=1

|pj,kl v|
2 +

1

2
Λj,kt (W j,k

0 )2e−AΛ
j,k |v|2
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≤ 2(Λj,kt )−1e−AΛ
j,k |f̂ε|2 −

2∑
l=1

(A− 4)Λj,kt e
−AΛj,k |pj,kl v|

2

+ 12(Λj,kt )−1e−AΛ
j,k |sub σ(P j,k)v|2

+ 3(Λj,kt )−1e−AΛ
j,k |(λj,k1t − λj,k2t )v|2 + 6(Λj,kt )−1e−AΛ

j,k |rj,kv|2

− (A− 5/2)Λj,kt (W j,k
0 )2e−AΛ

j,k |v|2

since

(τ − λj,kl (t, ξ)) ◦ pj,kl (t, τ, ξ)

= P j,k(t, τ, ξ; ε)− qj,k(t, τ, ξ)− rj,k(t, τ, ξ; ε)− i∂tp
j,k
l (t, τ, ξ),

− i∂tp
j,k
l (t, τ, ξ) = (−1)l

i

2
∂t(λ

j,k
1 (t, ξ)− λj,k2 (t, ξ))− i

2
∂t∂τp

j,k(t, τ, ξ)

( l = 1, 2),

where pj,kl = pj,kl (t,Dt, ξ), λ
j,k
l = λj,kl (t, ξ), sub σ(P j,k) = sub σ(P j,k)(t,Dt, ξ),

λj,klt = ∂tλ
j,k
l (t, ξ) and so forth. It is easy to see that

|(λj,k1t (t, ξ)− λj,k2t (t, ξ))v(t, ξ)|2 ≤ 4(Λj,kt )2
2∑
l=1

|pj,kl v|
2 + 2(Λj,kt )2|v|2,(2.47)

|rj,k(t,Dt, ξ; ε)v(t, ξ)|2 ≤ C
{
|ξ|−2

2∑
l=1

|pj,kl v|
2 + |v|2

}
(2.48)

for (t, ξ) ∈ [0, δ1]× (Γj \ N 0) with |ξ| ≥ 1 and ε ∈ (0, 1],

where C > 0. First assume that

(2.49) min{ min
s∈R(ξ/|ξ|)∩[0,δ1+1]

|t− s|, 1} ≤ ⟨ξ⟩−1/2
γ .

Then we have
W j,k

0 (t, ξ; γ) ≥ ⟨ξ⟩1/2γ /
√
2.

Therefore, there is A0 > 0 satisfying

(2.50) ∂tE j,k(t, ξ; v; γ,A) ≤ 2|f̂ε(t, ξ)|2

for (t, ξ) ∈ [0, δ1]× (Γj \ N 0) with |ξ| ≥ 1, ε ∈ (0, 1] and A ≥ A0 if (2.49) is
satisfied. Next assume that

min{ min
s∈R(ξ/|ξ|)∩[0,δ1+1]

|t− s|, 1} ≥ ⟨ξ⟩−1/2
γ .
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Then we have

W j,k
0 (t, ξ; γ) ≥ (

√
2min{ min

s∈R(ξ/|ξ|)∩[0,δ1+1]
|t− s|, 1})−1.

Lemma 2.6 (i) and (2.46) – (2.48) prove that (2.50) is valid for (t, ξ) ∈
[0, δ1] × (Γj \ N 0) with |ξ| ≥ 1, ε ∈ (0, 1] and A ≥ A0, with a modification
of A0 if necessary. Repeating the same argument as in Lemma 2.8, we have
the following

Lemma 2.9. Assume that 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 2.
Then for µ ∈ N and κ ∈ R there are νj,k > 0 and Cµ > 0 such that

µ∑
l=0

⟨ξ⟩2µ+2κ−2l
γ |Dl

tv(t, ξ)|2

≤ Cµ

{ 1∑
l=0

⟨ξ⟩2µ+2κ+2+νj,k−2l
γ |(Dl

tv)(0, ξ)|2

+

∫ t

0

⟨ξ⟩2µ+2κ+νj,k
γ |P j,k(s,Ds, ξ; ε)v(s, ξ)|2 ds

+

µ−2∑
l=0

⟨ξ⟩2µ+2κ−4−2l
γ |Dl

tP
j,k(t,Dt, ξ; ε)v(t, ξ)|2

}
for (t, ξ) ∈ [0, δ1] × (Γj \ N 0) with |ξ| ≥ γ ≥ 1, ε ∈ (0, 1] and v ∈
C∞([0, δ1];L

∞(Rn)), where
∑µ−2

l=0 · · · = 0 when µ = 1 and the νj,k do not
depend on µ.

(III) Now consider the case where 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and
m(j, k) = 1. Define

E j,k(t, ξ; v;A) = e−At|v(t, ξ)|2

for (t, ξ) ∈ [0, δ1] × Γj with |ξ| ≥ 1, A ≥ 1 and v(t, ξ) ∈ C([0, δ1];L
∞(Rn)).

Then we have

DtE j,k(t, ξ; v;A) = iAe−At|v(t, ξ)|2 + 2i Im{e−Atpj,kv · v̄},

where pj,k = pj,k(t,Dt, ξ) (= Dt−λj,k(t, ξ)). Applying the same argument as
in the proof of Lemma 2.8, we can prove the following

Lemma 2.10. Assume that 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 1.
Then for µ ∈ Z+ and κ ∈ R there is Cµ > 0 such that

µ∑
l=0

⟨ξ⟩2µ+2κ−2l
γ |Dl

tv(t, ξ)|2 ≤ Cµ{⟨ξ⟩2µ+2κ
γ |v(0, ξ)|2
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+

∫ t

0

⟨ξ⟩2µ+2κ
γ |P j,k(s,Ds, ξ; ε)v(s, ξ)|2 ds

+

µ−1∑
l=0

⟨ξ⟩2µ+2κ−2−2l
γ |Dl

tP
j,k(t,Dt, ξ; ε)v(t, ξ)|2}

for (t, ξ) ∈ [0, δ1] × Γj with |ξ| ≥ γ ≥ 1, ε ∈ (0, 1] and v ∈ C∞([0, δ1];L
∞

(Rn)), where
∑µ−1

l=0 · · · = 0 when µ = 0.

Let f(t, x) ∈ C∞(R;S(Rn
x)) satisfy supp f ⊂ {(t, x) ∈ R × Rn; t ≥ 0},

and consider the Cauchy problem

(CP)′
{
P (t,Dt, Dx)u(t, x) = f(t, x),

u(t, x)|t<0 = 0.

Put

Γ̃1 = Γ1, Γ̃j = Γj \
j−1∪
l=1

Γl ( 2 ≤ j ≤ N0),

Ñ =

N0∪
j=1

(
∪

1≤k≤r(j),m(j,k)=3

N j,k) ∪N2(p) ∪ {0}.

Let v0(t, ξ; ε) ∈ C∞(R;S(Rn
ξ )) satisfy v0(t, ξ; ε)|t<0 = 0, and define

vk+1(t, ξ; ε) = P j,r(j)−k(t,Dt, ξ; ε)vk(t, ξ; ε)

for 1 ≤ j ≤ N0, ξ ∈ Γ̃j \ Ñ and 0 ≤ k ≤ r(j)− 1.

Then it follows from Lemmas 2.8 – 2.10 that for 1 ≤ j ≤ N0, 0 ≤ k ≤ r(j)−1,

µ ≥ m(j, r(j)− k), κ ∈ R, γ ≥ 1 and (t, ξ) ∈ [0, δ1]× (Γ̃j \ Ñ )

µ∑
l=0

∫ t

0

⟨ξ⟩2µ+2κ−2l
γ |Dl

svk(s, ξ; ε)|2 ds

≤ Cµ

µ−m(j,r(j)−k)∑
l=0

∫ t

0

⟨ξ⟩2µ+2κ+ν̃j,k−2l
γ |Dl

svk+1(s, ξ; ε)|2 ds,

where Cµ > 0, ν̃j,k = 0 if m(j, r(j)− k) = 1 and ν̃j,k = νj,r(j)−k if m(j, r(j)−
k) = 2 or 3. This yields

µ∑
l=0

∫ t

0

⟨ξ⟩2µ+2κ−2l
γ |Dl

sv0(s, ξ; ε)|2 ds
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≤ Cµ

µ−m∑
l=0

∫ t

0

⟨ξ⟩2µ+2κ−2l+ν̃
γ |Dl

svr(j)(s, ξ; ε)|2 ds

for 1 ≤ j ≤ N0, µ ≥ m, κ ∈ R, γ ≥ 1 and (t, ξ) ∈ [0, δ1] × (Γ̃j \ Ñ ), where
Cµ > 0 and ν̃ = max1≤j≤N0(ν̃j,0 + ν̃j,1 + · · · + ν̃j,r(j)−1). By (2.4) we can see
that there are C > 0 and CN > 0 ( N = 0, 1, 2, · · · ) satisfying

m∑
l=0

∫ t

0

⟨ξ⟩2m+2κ−2l
γ |Dl

sv(s, ξ; ε)|2 ds

≤ C

∫ t

0

⟨ξ⟩2m+2κ+ν̃
γ |P (s,Ds, ξ; ε)v(s, ξ)|2 ds

+ CN

m−1∑
l=0

∫ t

0

⟨ξ⟩2m+2κ−2l−N
γ |Dl

sv(s, ξ)|2 ds

for κ ∈ R, γ ≥ 1, (t, ξ) ∈ [0, δ1]× (Rn \ Ñ ) and N = 0, 1, 2, · · · . Therefore,
taking γ0 = 2C1 and modifying ν̃ if necessary, we have

m∑
l=0

∫ t

0

⟨ξ⟩2m+2κ−2l
γ |Dl

sv(s, ξ)|2 ds

≤ 2C

∫ t

0

⟨ξ⟩2m+2κ+ν̃
γ |P (s,Ds, ξ; ε)v(s, ξ)|2 ds

for v(t, ξ) ∈ C∞(R;S(Rn
ξ )) with v(t, ξ)|t<0 = 0 if κ ∈ R, (t, ξ) ∈ [0, δ1] ×

(Rn \ Ñ ), ε ∈ (0, 1] and |ξ| ≥ γ ≥ γ0. Noting that P (t, τ, ξ; ε) − τm ∈
Sm−1,1
1,0 (R×Rn) uniformly in ε, similarly we can prove the following

Lemma 2.11. There are Cµ > 0 ( µ ≥ m) such that

µ∑
l=0

∫ t

0

⟨ξ⟩2µ+2κ−2l
γ |Dl

sv(s, ξ)|2 ds

≤ Cµ

µ−m∑
l=0

∫ t

0

⟨ξ⟩2µ+2κ−2l+ν̃
γ |Dl

sP (s,Ds, ξ; ε)v(s, ξ)|2 ds

for µ ≥ m, κ ∈ R, v(t, ξ) ∈ C∞(R;S(Rn
ξ )) with v(t, ξ)|t<0 = 0, (t, ξ) ∈

[0, δ1]× (Rn \ Ñ ) with |ξ| ≥ γ ≥ γ0 and ε ∈ (0, 1].

(IV) Let us derive energy estimates for |ξ| ≤ γ. Define

E0(t, ξ; v; γ,A) =
m−1∑
l=0

e−At⟨ξ⟩2m−2−2l
γ |Dl

tv(t, ξ)|2
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for (t, ξ) ∈ [0, δ1]×Rn with |ξ| ≤ γ and v(t, ξ) ∈ Cm([0, δ1];L
∞(Rn)), where

A ≥ 1 and γ ≥ γ0. Then we have

DtE0(t, ξ; v; γ,A) =
m−1∑
l=0

iAe−At⟨ξ⟩2m−2−2l
γ |Dl

tv(t, ξ)|2

+ 2ie−At Im{Dm
t v · (Dm−1

t v)}+
m−2∑
l=0

2i⟨ξ⟩2m−2−2l
γ e−At Im{Dl+1

t v · (Dl
tv)}.

Since P (t, τ, ξ; ε)−τm ∈ Sm−1,1
1,0 (R×Rn) uniformly in ε, there is C0 > 0 such

that
∂tE0(t, ξ; v; γ,A) ≤ 4A−1e−At|P (t,Dt, ξ; ε)v(t, ξ)|2

if A ≥ C0γ and |ξ| ≤ γ. This yields

m−1∑
l=0

⟨ξ⟩2m+2κ−2−2l
γ |Dl

tv(t, ξ)|2

≤ Cγ

{m−1∑
l=0

⟨ξ⟩2m+2κ−2−2l
γ |(Dl

tv)(0, ξ)|2 +
∫ t

0

⟨ξ⟩2κγ |P (s,Ds, ξ; ε)v(s, ξ)|2 ds
}

for (t, ξ) ∈ [0, δ1] × Rn with |ξ| ≤ γ, ε ∈ (0, 1] and v(t, ξ) ∈ Cm([0, δ1];L
∞

(Rn)), where Cγ is a positive constant depending on γ. Similarly, for µ ≥
m− 1 there are Cγ,µ > 0 ( µ ≥ m− 1) such that

µ∑
l=0

⟨ξ⟩2µ+2κ−2l
γ |Dl

tv(t, ξ)|2

≤ Cγ,µ

{m−1∑
l=0

⟨ξ⟩2m+2κ−2l
γ |(Dl

tv)(0, ξ)|2

+

∫ t

0

⟨ξ⟩2µ+2κ−2m+2
γ |P (s,Ds, ξ; ε)v(s, ξ)|2 ds

+

µ−m∑
l=0

⟨ξ⟩2µ+2κ−2m−2l
γ |Dl

tP (t,Dt, ξ; ε)v(t, ξ)|2
}

for (t, ξ) ∈ [0, δ1] × Rn with |ξ| ≤ γ, ε ∈ (0, 1] and v(t, ξ) ∈ Cm([0, δ1];L
∞

(Rn)), where
∑−1

l=0 · · · = 0. This, together with Lemmas 2.8 – 2.11, yields
the following

Lemma 2.12. There are γ0 ≥ 1, Cγ,µ > 0 (γ ≥ γ0, µ ≥ m) and ν0 > 0
such that

µ∑
l=0

∥⟨Dx⟩µ+κ−lγ Dl
tu(t, x)∥2L2([0,δ1]×Rn)(2.51)
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≤ Cγ,µ

µ−m∑
l=0

∥⟨Dx⟩µ+κ−m−l+ν0
γ Dl

tP (t,Dt, Dx; ε)u(t, x)∥2L2([0,δ1]×Rn)

if µ ≥ m, γ ≥ γ0, ε ∈ (0, 1] and u(t, x) ∈ C∞(R;H∞(Rn)) with u(t, x)|t<0 =
0. Here Hs(Rn) denotes the Sobolev space of order s and H∞(Rn) = ∩s∈RHs

(Rn) and

∥f(t, x)∥L2([0,δ1]×Rn) =
(∫

[0,δ1]×Rn

|f(t, x)|2 dtdx
)1/2

.

Remark. (2.51) is valid, replacing P (t,Dt, Dx; ε) by P (t,Dt, Dx).

Let f(t, x) ∈ C∞([0,∞);H∞(Rn)) satisfy (Dj
tf)(0, x) = 0 for j ∈ Z+.

Then, it follows from the unique existence theorem for ordinary differen-
tial equations and the proof of Lemma 2.12 with P (t,Dt, Dx; ε) replaced by
P (t,Dt, Dx) that the Cauchy problem

(CP)0

{
P (t,Dt, Dx)u(t, x) = f(t, x) in [0, δ1]×Rn,

Dj
tu(t, x)|t=0 = uj(x) in Rn ( 0 ≤ j ≤ m− 1)

has a unique solution u(t, x) ∈ C∞([0, δ1];H
∞(Rn)). We note that (CP)0

has a unique solution u(t, x) ∈ C∞([0, δ1];H
∞(Rn)) even if P (t,Dt, Dx) is

replaced by P (t,Dt, Dx; ε).

Lemma 2.13. Let u ∈ C∞((−∞, δ1]×Rn) satisfy u(t, x)|t<0 = 0, and let
(t0, x

0) ∈ [0, δ1]×Rn. Then (t0, x
0) /∈ suppu if

(2.52) K−
(t0,x0)

∩ suppP (t,Dt, Dx)u = ∅.

Proof. We extend u(t, x) to a function in C∞(Rn+1). Choose R > 0 so
that

K−
(t0,x0)

⊂ {(t, x) ∈ [0, δ1]×Rn; |x| ≤ R}.

Assume that (2.52) is valid. Let Θ(t) be a function in E{κ0}(R) satisfying

Θ(t) =

{
1 if t ≤ 3/2,

0 if t ≥ 2.

Put

FR(t, x) = Θ(|x| −R)P (t,Dt, Dx)u(t, x) + [P,Θ(|x| −R)]u(t, x),

where [A,B] = AB −BA. Then we have

P (t,Dt, Dx)(Θ(|x| −R)u(t, x)) = FR(t, x).
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Note that FR(t, x)|t<0 = 0. It is easy to see that there is a unique solution
vR(t, x) ∈ C∞((−∞, δ1];H

∞(Rn) satisfying

(CP)R

{
P (t,Dt, Dx)vR(t, x) = FR(t, x) in (−∞, δ1]×Rn,

vR(t, x)|t<0 = 0.

Therefore, we have vR(t, x) = Θ(|x| − R)u(t, x) for t ∈ (−∞, δ1]. Choose
ρ1(t) ∈ E{κ0}(R) and ρn(x) ∈ E{κ0}(Rn) so that ρ1(t) ≥ 0,

∫∞
−∞ ρ1(t) dt = 1,

supp ρ1 ⊂ {t ∈ R; 0 ≤ t ≤ 1}, ρn(x) ≥ 0,
∫
Rn ρ

n(x) dx = 1, supp ρn ⊂ {x ∈
Rn; |x| ≤ 1}. Here we say that f(x) ∈ E{κ}(Rn) if for any T > 0 there are
h > 0 and CT > 0 satisfying

|∂αx f(x)| ≤ CTh
|α|(|α|!)κ for α ∈ (Z+)

n and x ∈ Rn with |x| ≤ T .

For ε > 0 we define

FR,ε(t, x) =

∫
Rn+1

ρ1ε(t− s)ρnε (x− y)FR(s, y) dsdy,

for (t, x) ∈ Rn+1, where ρ1ε(t) = ε−1ρ1(t/ε) and ρnε (x) = ε−nρn(x/ε). Then
we have FR,ε(t, x) ∈ E{κ0}(Rn+1) and

suppFR,ε(t, x) ⊂ {(t, x) ∈ Rn+1; t ≥ 0 and |x| ≤ R + 2 + ε}.

Moreover, we have

FR,ε(t, x) → FR(t, x) in C∞(R;C∞
0 (Rn)) as ε ↓ 0

It follows from [8] that the Cauchy problem

(CP)R,ε

{
P (t,Dt, Dx; ε)vR,ε(t, x) = FR,ε(t, x) in Rn+1,

vR,ε(t, x)|t<0 = 0

has a unique solution vR,ε(t, x) in E{κ0}(Rn+1) and that (t0, x
0) /∈ supp vR,ε

if suppFR,ε ∩K−
(t0,x0)

= ∅. More precisely, we have

supp vR,ε ⊂ {(t, x) ∈ R×Rn; (t, x) ∈ K+
(s,y) for some (s, y) ∈ suppFR,ε}.

For ε, ε′ ∈ (0, 1] with ε′ ≤ ε we put wR,ε,ε′(t, x) = vR,ε(t, x)−vR,ε′(t, x). Then
we have

P (t,Dt, Dx; ε)wR,ε,ε′(t, x) = FR,ε(t, x)− FR,ε′(t, x)
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+
m∑
j=3

∑
|α|≤j−3

(aj,α(t; ε
′)− aj,α(t; ε))D

m−j
t Dα

xvR,ε′(t, x).

Applying Lemma 2.12 we can see that there are Cµ > 0 ( µ ≥ m) satisfying

µ∑
l=0

∥⟨Dx⟩µ+κ−lγ0
Dl
twR,ε,ε′(t, x)∥2L2([0,δ1]×Rn)(2.53)

≤ Cµ

{µ−m∑
l=0

∥⟨Dx⟩µ+κ−m−l+ν0
γ0

Dl
t(FR,ε(t, x)− FR,ε′(t, x))∥2L2([0,δ1]×Rn)

+ sup
t∈[0,δ1], 3≤j≤m
|β|≤j−3, h≤µ−m

|Dh
t (aj,β(t; ε

′)− aj,β(t; ε))|2

×
µ−m∑
l=0

∥⟨Dx⟩µ+κ−m−l−3+2ν0
γ0

Dl
tFR,ε′(t, x)∥2L2([0,δ1]×Rn)

}
for µ ∈ N with µ ≥ m and κ ∈ R. Indeed, we also apllied Lemma 2.12 to
vR,ε′(t, x) in order to obtain (2.53). (2.53) yields

vR,ε(t, x) → vR(t, x) in C∞([0, δ1];H
∞(Rn)) as ε ↓ 0,

supp vR ∩ (−∞, δ1]

⊂ {(t, x) ∈ [0, δ1]×Rn; (t, x) ∈ K+
(s,y) for some (s, y) ∈ suppFR}.

Since

supp[P,Θ(|x| −R)]u(t, x) ⊂ {(t, x) ∈ [0,∞)×Rn; R +
3

2
≤ |x| ≤ R + 2},

we have
K−

(t0,x0)
∩ suppFR = ∅,

which proves (t0, x
0) /∈ supp vR and the lemma.

For f(t, x) ∈ C∞(Rn+1) with f(t, x)|t<0 = 0 we consider

(CP)′0

{
P (t,Dt, Dx)u(t, x) = f(t, x) in (−∞, δ1]×Rn,

u(t, x)|t<0 = 0.

Put fR(t, x) = Θ(|x| − R)f(t, x) for R > 0, and let uR(t, x) be a solution to
(CP)′0 with f(t, x) replaced by fR(t, x). Then we have

P (t,Dt, Dx)(uR′(t, x)− uR(t, x)) = (Θ(|x| −R′)−Θ(|x| −R))f(t, x),
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where R′ ≥ R > 0. Define

Mδ1 = sup
t∈[0,δ1], 1≤j≤m

ξ∈Sn−1

|λj(t, ξ)|,

Kδ1 = {(t, x) ∈ Rn+1; t ≥ |x|/Mδ1}.

It is easy to see that

K+
(t0,x0)

∩ [0, δ1]×Rn ⊂ {(t0, x0)}+Kδ1 .

Lemma 2.13 implies that

uR+δ1Mδ1
(t, x) = uR′+δ1Mδ1

(t, x) if t ≤ δ1 and |x| ≤ R ≤ R′.

Therefore, we can define u(t, x) by

u(t, x) = uR+δ1Mδ1
(t, x) for t ≤ δ1 and |x| ≤ R,

and u(t, x) (∈ C∞((−∞, δ1] × Rn)) satisfies (CP)′0. Repeating the same
argument as at the end of §2.3 of [12], we can construct solutions to the
Cauchy problem (CP) with [0,∞)×Rn replaced by [0, δ1]×Rn when f(t, x) ∈
C∞([0,∞)×Rn) and uj(x) ∈ C∞(Rn) ( 0 ≤ j ≤ m− 1), and finally we can
complete the proof of Theorem 1.2.

3. Proof of Theorems 1.3 and 1.4

In this section we assume that the conditions (A), (H)′ and (T) are sat-
isfied, and we shall give the proofs of Theorems 1.3 and 1.4, applying the
arguments as in [4] ( see, also, [13]).

3.1. Preliminaries

Fix j so that 1 ≤ j ≤ N0. For (t, ξ) ∈ [0, δ1]× (Γj \ {0}) we write

p̂j,k(t, τ, ξ) = pj,k(t, τ − aj,k1 (t, ξ)/3, ξ) = τ 3 − âj,k2 (t, ξ)τ + âj,k3 (t, ξ)

if 1 ≤ k ≤ r(j) and m(j, k) = 3,

p̂j,k(t, τ, ξ) = pj,k(t, τ − aj,k1 (t, ξ)/2, ξ) = τ 2 − âj,k2 (t, ξ)

if 1 ≤ k ≤ r(j) and m(j, k) = 2.

Then we have

âj,k2 (t, ξ) = aj,k1 (t, ξ)2/3− aj,k2 (t, ξ) (≥ 0),
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âj,k3 (t, ξ) = 2aj,k1 (t, ξ)3/27− aj,k1 (t, ξ)aj,k2 (t, ξ)/3 + aj,k3 (t, ξ)

if 1 ≤ k ≤ r(j) and m(j, k) = 3,

âj,k2 (t, ξ) = aj,k1 (t, ξ)2/4− aj,k2 (t, ξ)

if 1 ≤ k ≤ r(j) and m(j, k) = 2.

Until the end of the proof of Lemma 3.3 we omit the subscript j and the
superscript j of Γj, P

j,k(·), pj,k(·), · · · , and “j” of r(j), m(j, k), · · · and
so forth, again. Namely, we write Γj, P

j,k(·), pj,k(·), r(j), m(j, k), · · · as
Γ, P k(·), pk(·), r, m(k), · · · , respectively. By (2.3) and the factorization
theorem we have

P (t, τ, ξ) = P 1(t, τ, ξ) ◦ P 2(t, τ, ξ) ◦ · · · ◦ P r(t, τ, ξ) +R(t, τ, ξ)

for (t, ξ) ∈ [0, δ1]× Γ with |ξ| ≥ 1, where

P k(t, τ, ξ) = pk(t, τ, ξ) + qk0(t, τ, ξ) + qk1(t, τ, ξ) + rk(t, τ, ξ),

qkl (t, τ, ξ) ∈ Sm(k)−1,−l
1,0 ([0, δ1]×(Γ\{0})) ( l = 0, 1) are positively homogeneous

of degree (m(k)−1−l) in (τ, ξ) for |ξ| ≥ 1 and rk(t, τ, ξ) ∈ Sm(k)−1,−2
1,0 ([0, δ1]×

(Γ \ {0})) ( 1 ≤ k ≤ r) and R(t, τ, ξ) ∈ Sm−1,−∞
1,0 ([0, δ1] × (Γ \ {0})). More-

over, the rk(t, τ, ξ) are classical symbols, i.e., there are symbols rkl (t, τ, ξ) ∈
Sm(k)−1,−2−l
1,0 ([0, δ1]×(Γ\{0})) ( l ∈ Z+) such that the rkl (t, τ, ξ) are positively

homogeneous of degree (m(k)− 3− l) in (τ, ξ) for |ξ| ≥ 1 and

rk(t, τ, ξ)−
N−1∑
l=0

rkl (t, τ, ξ) ∈ Sm(k)−1,−2−N
1,0 ([0, δ1]× (Γ \ {0}))(3.1)

( N = 1, 2, · · · ).

We write

rk(t, τ, ξ) ∼
∞∑
l=0

rkl (t, τ, ξ) in Sm(k)−1,−2
1,0 ([0, δ1]× (Γ \ {0}))

if (3.1) is valid. We also write

Sm,νcl ([0, δ1]× (Γ \ {0})) ={a(t, τ, ξ) ∈ Sm,ν1,0 ([0, δ1]× (Γ \ {0}));
a(t, τ, ξ) is a classical symbol}.

Define

pk(t, τ, ξ) = (−1)m(k)pk(t,−τ,−ξ),
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qkl (t, τ, ξ) = (−1)m(k)−1−lqkl (t,−τ,−ξ) ( l = 0, 1)

for (t, τ, ξ) ∈ [0, δ1]×R× (−Γ \ {0}).

Moreover, we define rk(t, τ, ξ) ∈ Sm(k)−1,−2
cl ([0, δ1]× (−Γ \ {0})) so that

rk(t, τ, ξ) ∼
∞∑
l=0

(−1)m(k)−3−lrkl (t,−τ,−ξ)(3.2)

in Sm(k)−1,−2
1,0 ([0, δ1]× (−Γ \ {0})).

In fact, we can easily construct a symbol rk(t, τ, ξ) for (t, τ, ξ) ∈ [0, δ1] ×
R× (−Γ \ {0}) satisfying (3.2). Note that rk(t, τ, ξ) is uniquely determined

modulo Sm(k)−1,−∞
1,0 ([0, δ1]× (−Γ \ {0})). Put

P k(t, τ, ξ) = pk(t, τ, ξ) + qk0(t, τ, ξ) + qk1(t, τ, ξ) + rk(t, τ, ξ)

for (t, τ, ξ) ∈ [0, δ1]×R× ((Γ ∪ (−Γ)) \ {0}). Then we have the following

Lemma 3.1. We have

P (t, τ, ξ) ≡ P 1(t, τ, ξ) ◦ · · · ◦ P r(t, τ, ξ)

(mod Sm−1,−∞
1,0 ([0, δ1]× ((Γ ∪ (−Γ)) \ {0}))).

Proof. Write

P k(t, τ, ξ) ∼
∞∑
l=0

P k
l (t, τ, ξ) in Sm(k)

1,0 ([0, δ1]× ((Γ ∪ (−Γ)) \ {0}))

( 1 ≤ k ≤ r),

where the P k
l (t, τ, ξ) are positively homogeneous of degree (m(k)−l) in (τ, ξ).

We also write

P 1(t, τ, ξ) ◦ P 2(t, τ, ξ) ◦ · · · ◦ P k(t, τ, ξ) ∼
∞∑
l=0

I1,2,··· ,kl (t, τ, ξ)

in Sm(1)+···+m(k)
1,0 ([0, δ1]× ((Γ ∪ (−Γ)) \ {0})) ( 1 ≤ k ≤ r),

where the I1,2,··· ,kl (t, τ, ξ) are positively homogeneous of degree (m(1) + · · ·+
m(k)− l). For example, the I1,2l (t, τ, ξ) are given by

I1,2l (t, τ, ξ) =
∑

h,µ,ν∈Z+
h+µ+ν=l

1

h!
∂hτ P

1
µ(t, τ, ξ) ·Dh

t P
2
ν (t, τ, ξ).
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Then it is easy to see that

I1,2l (t, τ, ξ) =
∑

h,µ,ν∈Z+
h+µ+ν=l

(−1)m(1)+m(2)−l 1

h!
(∂hτ P

1
µ)(t,−τ,−ξ)(Dh

t P
2
ν )(t,−τ,−ξ)

= (−1)m(1)+m(2)−lI1,2l (t,−τ,−ξ)
for (t, τ, ξ) ∈ [0, δ1]×R× ((−Γ) \ {0}).

Moreover, we can prove by induction on k that

I1,··· ,kl (t, τ, ξ) = (−1)m(1)+···m(k)−lI1,··· ,kl (t,−τ,−ξ)(3.3)

for 2 ≤ k ≤ r and (t, τ, ξ) ∈ [0, δ1]×R× ((Γ) \ {0}).

Since P (t, τ, ξ) is a polynomial of (τ, ξ) and

P (t, τ, ξ)− P 1(t, τ, ξ) ◦ · · · ◦ P r(t, τ, ξ) ∈ Sm−1,−∞
1,0 ([0, δ1]× (−Γ) \ {0})),

(3.3) proves the lemma.

We write

qk0(t, τ, ξ) = bk0(t, ξ)τ
2 + bk1(t, ξ)τ + bk2(t, ξ),

qk0(t, τ − ak1(t, ξ)/3, ξ) = b̂k0(t, ξ)τ
2 + b̂k1(t, ξ)τ + b̂k2(t, ξ),

if 1 ≤ k ≤ r and m(k) = 3. Then it is obvious that

b̂k0(t, ξ) = bk0(t, ξ)

b̂k1(t, ξ) = bk1(t, ξ)−
2

3
ak1(t, ξ)b

k
0(t, ξ),

b̂k2(t, ξ) = bk2(t, ξ) +
1

9
ak1(t, ξ)

2bk0(t, ξ)−
1

3
ak1(t, ξ)b

k
1(t, ξ).

Lemma 3.2. Assume that 1 ≤ k ≤ r and m(k) = 3. Putting b(t, τ, ξ) =
sub σ(P k)(t, τ − ak1(t, ξ)/3, ξ) we have the following:
(i) There is C1 > 0 satisfying

min{ min
s∈R(ξ)

|t− s|, 1}|b(t, τ, ξ)| ≤ C1h2(t, τ, ξ; p̂
k)1/2(3.4)

for (t, τ, ξ) ∈ [0, δ1]×R× (Γ ∩ Sn−1)

if and only if there is C2 > 0 satisfying

min{ min
s∈R(ξ)

|t− s|, 1}|b(t, (âk3(t, ξ)/2)1/3, ξ)|(3.5)
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≤ C2h2(t, (â
k
3(t, ξ)/2)

1/3, ξ; p̂k)1/2,

min{ min
s∈R(ξ)

|t− s|, 1}|(∂τb)(t, (âk3(t, ξ)/2)1/3, ξ)|(3.6)

≤ C2h1(t, 0, ξ; p̂
k)1/2 (=

√
2C2â

k
2(t, ξ)

1/2)

for (t, ξ) ∈ [0, δ1]× (Γ ∩ Sn−1).

(ii) (3.4) is valid if and only if there is C3 > 0 satisfying

min{ min
s∈R(ξ)

|t− s|, 1}|b(t, Ak(t, ξ), ξ)|(3.7)

≤ C3h2(t, A
k(t, ξ), ξ; p̂k)1/2,

min{ min
s∈R(ξ)

|t− s|, 1}|(∂τb)(t, Ak(t, ξ), ξ)|(3.8)

≤ C3h1(t, 0, ξ; p̂
k)1/2 (=

√
2C3â

k
2(t, ξ)

1/2)

for (t, ξ) ∈ [0, δ1]× (Γ ∩ Sn−1),

where

νk(t, ξ) =

{
1 if âk3(t, ξ) ≥ 0,

−1 if âk3(t, ξ) < 0,

Ak(t, ξ) = νk(t, ξ)(âk2(t, ξ)/3)
1/2.(3.9)

Remark. Assume that m(k) = 3. Then we have

h2(t, τ, ξ; p̂
k) = h2(t, τ − ak1(t, ξ)/3, ξ; p

k)(3.10)

= 3τ 4 + âk2(t, ξ)
2 − 6τ â3(t, ξ),

h1(t, τ, ξ; p̂
k) = h1(t, τ − ak1(t, ξ)/3, ξ; p

k) = 3τ 2 + 2âk2(t, ξ).

Hyperbolicity implies that

(3.11) (âk3(t, ξ)/2)
2 ≤ (âk2(t, ξ)/3)

3,

and the discriminant D̂k(t, ξ) of p̂k(t, τ, ξ) = 0 in τ is given by

(3.12) D̂k(t, ξ) (= Dk(t, ξ)) = 4âk2(t, ξ)
3 − 27âk3(t, ξ)

2,

where Dk(t, ξ) denotes the discriminant of pk(t, τ, ξ) = 0 in τ .

Proof. Write

p̂k(t, τ, ξ) =
3∏
l=1

(τ − λ̂kl (t, ξ)), i.e.,
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λ̂kl (t, ξ) = λkl (t, ξ) + ak1(t, ξ)/3 ( 1 ≤ l ≤ 3)

Assume that (3.4) is valid. Then (3.5) is valid with C2 ≥ C1. Fix (t, ξ) ∈
[0, δ1] × (Γ ∩ Sn−1). We first consider the case where λ̂kl (t, ξ) ̸= λ̂kµ(t, ξ) for
1 ≤ l < µ ≤ 3. Then we can write

(3.13) b(t, τ, ξ) =
3∑
l=1

bl(t, ξ)p̂
k
l (t, τ, ξ),

where
bl(t, ξ) = b(t, λ̂kl (t, ξ), ξ)/p̂

k
l (t, λ̂

k
l (t, ξ), ξ) ( 1 ≤ l ≤ 3).

(3.4) gives
min{ min

s∈R(ξ)
|t− s|, 1}|bl(t, ξ)| ≤ C1.

By (3.13) we have

∂τb(t, τ, ξ) =
3∑
l=1

bl(t, ξ)(2τ + λ̂kl (t, ξ)),

since
∑3

µ=1 λ̂
k
µ(t, ξ) = 0. Therefore, we have

min{ min
s∈R(ξ)

|t− s|, 1}|∂τb(t, τ, ξ)| ≤ C1

{
6|τ |+

√
3
( 3∑
l=1

λ̂kl (t, ξ)
2
)1/2}

(3.14)

= C1{6|τ |+
√
6âk2(t, ξ)

1/2},

since

(3.15)
3∑
l=1

λ̂kl (t, ξ)
2 = 2âk2(t, ξ).

So (3.11) and (3.14) yield (3.6) with C2 ≥ (2
√
3 +

√
6)C1. Next consider

the case where λ̂k1(t, ξ) ̸= λ̂k2(t, ξ) = λ̂k3(t, ξ), for instance. Then we have
h2(t, λ̂

k
2(t, ξ), ξ; p̂

k) = 0 and, therefore, we can write

(3.16) b(t, τ, ξ) = (τ − λ̂k2(t, ξ))b̂(t, τ, ξ),

where b̂(t, τ, ξ) is a linear expression of τ . (3.4) yields

(3.17) min{ min
s∈R(ξ)

|t− s|, 1}|b̂(t, τ, ξ)| ≤ C1{
√
2|τ − λ̂k1(t, ξ)|+ |τ − λ̂k2(t, ξ)|}.
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So we have

b̂(t, τ, ξ) = b̂1(t, ξ)(τ − λ̂k1(t, ξ)) + b̂2(t, ξ)(τ − λ̂k2(t, ξ)),

min{ min
s∈R(ξ)

|t− s|, 1}|b̂l(t, ξ)| ≤
√
2C1 ( l = 1, 2),(3.18)

where

b̂l(t, ξ) = (−1)lb̂(t, λ̂k3−l(t, ξ), ξ)/(λ̂
k
1(t, ξ)− λ̂k2(t, ξ)) ( l = 1, 2).

Since

(3.19) ∂τb(t, τ, ξ) = b̂1(t, ξ)(τ − λ̂k1(t, ξ)) + (b̂1(t, ξ) + 2b̂2(t, ξ))(τ − λ̂k2(t, ξ)),

(3.11) and (3.15) – (3.19) give

min{ min
s∈R(ξ)

|t− s|, 1}|(∂τb)(t, (âk3(t, ξ)/2)1/3, ξ)|

≤ 4
√
2C1{(âk2(t, ξ)/3)1/2 + 2âk2(t, ξ)

1/2} ≤ 12
√
2C1â

k
2(t, ξ)

1/2,

which proves that (3.6) is valid. Finally consider the case where λ̂k1(t, ξ) =
λ̂k2(t, ξ) = λ̂k3(t, ξ) (= 0). Then we have âk2(t, ξ) = âk3(t, ξ) = 0,

h2(t, τ, ξ; p̂
k) = 3τ 4 and h1(t, τ, ξ; p̂

k) = 3τ 2.

Therefore, we can write

(3.20) b(t, τ, ξ) = τ 2b̂(t, ξ),

where

(3.21) min{ min
s∈R(ξ)

|t− s|, 1}|b̂(t, ξ)| ≤
√
3C1.

This yields

min{ min
s∈R(ξ)

|t− s|, 1}|(∂τb)(t, (âk3(t, ξ)/2)1/3, ξ)| = 0 ≤ h1(t, 0, ξ; p̂
k)1/2 (= 0).

Next we assume that (3.5) and (3.6) are valid. Write

b(t, τ, ξ) = b(t, (âk3/2)
1/3, ξ) + (∂τb)(t, (â

k
3/2)

1/3, ξ)(τ − (âk3/2)
1/3)

+
1

2
(∂2τ b)(t, 0, ξ)(τ − (âk3/2)

1/3)2,

h2(t, τ, ξ; p̂
k) = 9((âk2/3)

2 − (âk3/2)
4/3) + 6(âk3/2)

2/3(τ − (âk3/2)
1/3)2(3.22)

+ 3(τ 2 − (âk3/2)
2/3)2,
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where âkl = âkl (t, ξ) ( l = 2, 3). Since

(3.23) h2(t, (â
k
3/2)

1/3, ξ; p̂k) = 9((â2/3)
2 − (â3/2)

4/3),

we have

(3.24) h2(t, (â
k
3/2)

1/3, ξ; p̂k) ≤ h2(t, τ, ξ; p̂
k).

Moreover, we have

(τ − (âk3/2)
1/3)2 ≤ |τ 2 − (âk3/2)

2/3|+ 2|(âk3/2)1/3(τ − (âk3/2)
1/3)|(3.25)

≤ h2(t, τ, ξ; p̂
k)1/2/

√
3 + 2h2(t, τ, ξ; p̂

k)1/2/
√
6 ≤ 2h2(t, τ, ξ; p̂

k)1/2,

{(âk2)1/2(τ − (âk3/2)
1/3)}4 = h2(t, (â

k
3/2)

1/3, ξ; p̂k)(τ − (âk3/2)
1/3)4(3.26)

+ {3(âk3/2)2/3(τ − (âk3/2)
1/3)2}2

≤ 5h2(t, τ, ξ; p̂
k)2.

We may assume that |(∂2τ b)(t, 0, ξ)| ≤ C2. Therefore, (3.4) is valid with
C1 ≥ 6C2, which proves the assertion (i). (3.22) gives

h2(t, (â
k
3/2)

1/3, ξ; p̂k) = 9{(âk2/3)2 − (âk3/2)
4/3}

= 9{(âk2/3)1/2 − (|âk3|/2)1/3}{(âk2/3)1/2 + (|âk3|/2)1/3}
× {(âk2/3) + (|âk3|/2)2/3}.

So we have

(3.27) 9(âk2/3)
3/2{(âk2/3)1/2 − (|âk3|/2)1/3} ≤ h2(t, (â

k
3/2)

1/3, ξ; p̂k).

On the other hand, we have

h2(t, A
k(t, ξ), ξ; p̂k) = 12(âk2/3)

2 − 12(âk2/3)
1/2(|âk3|/2)

= 12(âk2/3)
1/2{(âk2/3)1/2 − (|âk3|/2)1/3}

× {(âk2/3) + (âk2/3)
1/2(|âk3|/2)1/3 + (|âk3|/2)2/3}.

By (3.11) we have

12(âk2/3)
3/2{(âk2/3)1/2 − (|âk3|/2)1/3}(3.28)

≤ h2(t, A
k(t, ξ), ξ; p̂k) ≤ 36(âk2/3)

3/2{(âk2/3)1/2 − (|âk3|/2)1/3},

which, with (3.24) and (3.27), yields

(3.29) h2(t, (â
k
3/2)

1/3, ξ; p̂k) ≤ h2(t, A
k(t, ξ), ξ; p̂k) ≤ 4h2(t, (â

k
3/2)

1/3, ξ; p̂k).
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Now we can prove the assertion (ii). Note that

∂t∂
2
τp

k(t, τ, ξ) = 2∂ta
k
1(t, ξ),

∂τb(t, τ, ξ) = 2bk0(t, ξ)τ + b̂k1(t, ξ) + i∂ta
k
1(t, ξ).

So we have

|(∂τb)(t, Ak(t, ξ), ξ)− (∂τb)(t, (â
k
3(t, ξ)/2)

1/3, ξ)|(3.30)

= 2|b0(t, ξ)|{(âk2(t, ξ)/3)1/2 − (|âk3(t, ξ)|/2)1/3}
≤ 2|b0(t, ξ)|(âk2(t, ξ)/3)1/2

since |Ak(t, ξ) − (âk3(t, ξ)/2)
1/3| = (âk2(t, ξ)/3)

1/2 − (|âk3(t, ξ)|/2)1/3. This im-
plies that (3.6) is valid if and only if (3.8) is valid. We have also

|b(t, Ak(t, ξ), ξ)− b(t, (âk3(t, ξ)/2)
1/3, ξ)|(3.31)

≤ {(âk2(t, ξ)/3)1/2 − (|âk3(t, ξ)|/2)1/3}|(∂τb)(t, (âk3(t, ξ)/2)1/3, ξ)|
+ {(âk2(t, ξ)/3)1/2 − (|âk3(t, ξ)|/2)1/3}2|(∂2τ b)(t, 0, ξ)|/2.

It follows from (3.23) and (3.24) that

3(âk2(t, ξ)/3)
1/2{(âk2(t, ξ)/3)1/2 − (|âk3(t, ξ)|/2)1/3}(3.32)

≤ h2(t, (â
k
3(t, ξ)/2)

1/3, ξ; p̂k)1/2 ≤ h2(t, A
k(t, ξ), ξ; p̂k)1/2,

since (α − β)1/2 ≥ α1/2 − β1/2 if α ≥ β ≥ 0. This, together with (3.6) and
(3.31), proves that (3.5) and (3.6) hold if and only if (3.7) and (3.8) hold.

Lemma 3.3. Assume that 1 ≤ k ≤ r, and m(k) = 2. Then there is C1 > 0
satisfying

min{ min
s∈R(ξ)

|t− s|, 1}|sub σ(P k)(t, τ, ξ)| ≤ C1h1(t, τ, ξ; p
k)1/2(3.33)

for (t, τ, ξ) ∈ [0, δ1]×R× (Γ ∩ Sn−1)

if and only if there is C2 > 0 satisfying

min{ min
s∈R(ξ)

|t− s|, 1}|sub σ(P k)(t,−ak1(t, ξ)/2, ξ)|(3.34)

≤ C2h1(t,−ak1(t, ξ)/2, ξ; pk)1/2 for (t, ξ) ∈ [0, δ1]× (Γ ∩ Sn−1).

Remark. Assume that m(k) = 2. Then we have

(3.35) h1(t, τ, ξ; p
k) = 2(τ + ak1(t, ξ)/2)

2 + 2âk2(t, ξ).
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Proof. We have

sub σ(P k)(t, τ, ξ) = sub σ(P k)(t,−ak1(t, ξ)/2, ξ)
+ (∂τsub σ(P

k))(t, 0, ξ)(τ + ak1(t, ξ)/2).

Therefore, this, together with (3.35), proves the lemma.

Define

(3.36) βk(t, ξ) = sub σ(P k)(t, Ak(t, ξ)− ak1(t, ξ)/3, ξ)

for 1 ≤ k ≤ r with m(k) = 3. We note that

∂ta
k
2(t, ξ) = 2ak1(t, ξ)∂ta

k
1(t, ξ)/3− ∂tâ

k
2(t, ξ),

sub σ(P k)(t, τ − ak1(t, ξ)/3, ξ)(3.37)

= qk0(t, τ − ak1(t, ξ)/3, ξ) + i∂ta
k
1(t, ξ) · τ −

i

2
∂tâ

k
2(t, ξ)

if 1 ≤ k ≤ r and m(k) = 3.

Lemma 3.4. Let k ∈ N satisfy 1 ≤ k ≤ r and m(k) = 3. (i) Assume that
âk2(t, ξ) ̸≡ 0 in (t, ξ). Then there is C1 > 0 satisfying

min{ min
s∈R(ξ)

|t− s|, 1}|sub σ(P k)(t, τ − ak1(t, ξ)/3, ξ)|(3.38)

≤ C1h2(t, τ, ξ; p̂
k)1/2 for (t, τ, ξ) ∈ [0, δ1]×R× (Γ ∩ Sn−1)

if and only if there is C2 > 0 satisfying

min{ min
s∈R(ξ)

|t− s|, 1}|βk(t, ξ)|âk2(t, ξ)(3.39)

≤ C2(D̂
k(t, ξ)âk2(t, ξ))

1/2,

min{ min
s∈R(ξ)

|t− s|, 1}|b̂k1(t, ξ) + i∂ta
k
1(t, ξ)|(3.40)

≤ C2â
k
2(t, ξ)

1/2 for (t, ξ) ∈ [0, δ1]× (Γ ∩ Sn−1).

(ii) Assume that âk2(t, ξ) ≡ 0. Then (3.38) is valid if and only if

b̂k1(t, ξ) + i∂ta
k
1(t, ξ) = b̂k2(t, ξ) = 0 for (t, ξ) ∈ [0, δ1]× (Γ ∩ Sn−1).

Proof. Assume that â2(t, ξ) ̸≡ 0 in (t, ξ). By virtue of Lemma 3.2 it
is enough to prove that the conditions (3.7) and (3.8) are equivalent to the
conditions (3.39) and (3.40). Here we may modify the constants appropri-
ately. By (3.37) we see that (3.8) is valid if and only if (3.40) is valid. (3.11)
and (3.12) yield

108(âk2/3)
2{(âk2/3)− (|âk3|/2)2/3} ≤ D̂k(t, ξ)(3.41)
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= 108{(âk2/3)3 − (âk3/2)
2} = 108{(âk2/3)− (|âk3|/2)2/3}

× {(âk2/3)2 + (âk2/3)(|âk3|/2)2/3 + (|âk3|/2)4/3}
≤ 324(âk2/3)

2{(âk2/3)− (|âk3|/2)2/3},

where âkl = âkl (t, ξ) ( l = 2, 3). This, together with (3.28), yields

3(âk2/3)h2(t, A
k(t, ξ), ξ; p̂k) ≤ D̂k(t, ξ)(3.42)

≤ 54(âk2/3)h2(t, A
k(t, ξ), ξ; p̂k),

since

(âk2/3)
1/2{(âk2/3)1/2 − (|âk3|/2)1/3} ≤ (âk2/3)− (|âk3|/2)2/3

≤ 2(âk2/3)
1/2{(âk2/3)1/2 − (|âk3|/2)1/3}.

Therefore, if (3.7) is valid, then (3.39) is valid with C2 =
√
3C3. Applying

the Weierstrass preparation theorem to âk2(t, ξ), we can prove that (3.7) is
valid with C3 = 6C2 if (3.39) is valid, which proves the assertion (i). Next
assume that âk2(t, ξ) ≡ 0 in (t, ξ). Then, by (3.10) and (3.11) we have

â3(t, ξ) ≡ D̂k(t, ξ) ≡ 0 and h2(t, τ, ξ; p̂
k) ≡ 3τ 4,

which proves the assertion (ii).

For (t0, x
0) ∈ (0, δ1]×Rn and ε > 0 we put

Ωε(t0, x
0) = {(t, x) ∈ R×Rn; t0 − t > ε|x− x0|2}.

Lemma 3.5. Assume that the Cauchy problem (CP) is C∞ well-posed and
has finite propagation property. Then there is ε0 > 0 such that for (t0, x

0) ∈
[0,∞)×Rn and p ∈ Z+ there are C > 0 and q ∈ Z+ satisfying

|u|p,Ωε0 (t0,x
0) ≤ C|Pu|q,Ωε0 (t0,x

0)

for any u ∈ C∞(Rn+1) with u(t, x)|t<0 = 0. Here |f |p,K is defined by

|f |p,K = sup
(t,x)∈K, j+|α|≤p

|Dj
tD

α
xf(t, x)|.

Proof. We can choose ε0 > 0 so that

({(t1, x1)} − Γ0) ∩ {t ≥ 0} ⊂ Ωε0(t0, x
0)

if (t0, x
0) ∈ (0, δ1]×Rn, (t1, x

1) ∈ Ωε(t0, x
0) and t1 ≥ 0. Here Γ0 is a proper

convex closed cone in Rn+1 such that Γ0 ⊂ {t > 0}∪{0} and Γ0 satisfies the
following:

u(t, x) = 0 in Γ0(t0, x
0) (≡ {(t0, x0)} − Γ0)
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if (t0, x
0) ∈ [0, δ1]×Rn, u ∈ C∞(Rn+1),

suppu ⊂ {t ≥ 0} and P (t,Dt, Dx)u(t, x) = 0 in Γ0(t0, x
0).

Define
X = {f ∈ C∞(Rn+1); supp f ⊂ {t ≥ 0}}.

X is a closed subspace of the Fréchet space C∞(Rn+1). The operator X ∋
f(t, x) 7→ u(t, x) ∈ X is a closed operator, where u(t, x) is a unique solution
in X satisfying Pu(t, x) = f(t, x). So Banach’s closed graph theorem proves
that for any compact subset K of [0,∞) × Rn and p ∈ Z+, there are a
compact subset K ′ of [0,∞)×Rn, Cp,K > 0 and q ∈ Z+ satisfying

(3.43) |u|p,K ≤ Cp,K |Pu|q,K′ for u ∈ X.

It follows from [2] that for any u ∈ X and (t0, x
0) ∈ [0, δ1] × Rn there are

f ∈ X and C ′ > 0 such that f = Pu in Ωε0(t0.x
0) and

(3.44) |f |q,Rn+1 ≤ C ′|Pu|q,Ωε0 (t0,x
0)

( see, also, [6]). By the assumptions there is v ∈ X satisfying Pv = f . Then
finite propagation property implies that v(t, x) = u(t, x) in Ωε0(t0, x

0). (3.43)
with K = Ωε0(t0, x

0) ∩ {t ≥ 0} and (3.44) yield

|u|p,Ωε0 (t0,x
0) = |v|p,Ωε0 (t0,x

0) ≤ Cp,K |f |q,K′ ≤ Cp,K |f |q,Rn+1

≤ C ′Cp,K |Pu|p,Ωε0 (t0,x
0),

which proves the lemma.

3.2. The triple characteristic factors

We factorized p(t, τ, ξ) as (2.3):

p(t, τ, ξ) =

r(j)∏
k=1

pj,k(t, τ, ξ) for (t, τ, ξ) ∈ [0, δ1]×R× (Γj ∩ Sn−1),

where 1 ≤ j ≤ N0. In this subsection we omit the subscript j and the
superscript j, and “j” of r(j) and m(j, k), in the same manner as in §3.1.
Fix k0 ∈ N so that 1 ≤ k0 ≤ r and m(k0) = 3. We also define Dk0

l (t, ξ) (
0 ≤ l ≤ 3) by

τ 3 +
3∑
l=1

Dk0
l (t, ξ)τ 3−l =

∏
1≤k<l≤3

(τ + µk0k,l(t, ξ)),
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Dk0
0 (t, ξ) ≡ 1,

where µk0k,l(t, ξ) = (λk0k (t, ξ)− λk0l (t, ξ))2. Then we have

Dk0
3 (t, ξ) = D̂k0(t, ξ) = 4âk02 (t, ξ)3 − 27âk03 (t, ξ)2,

Dk0
2 (t, ξ) = 9âk02 (t, ξ)2,

Dk0
1 (t, ξ) = 6âk02 (t, ξ).

By the factorization theorem we can write

P (t, τ, ξ) =P 1(t, τ, ξ) ◦ · · · ◦ P k0−1(t, τ, ξ) ◦ P k0+1(t, τ, ξ)◦(3.45)

· · · ◦ P r(t, τ, ξ) ◦ P k0(t, τ, ξ) +R(t, τ, ξ),

where R(t, τ, ξ) ∈ Sm−1,−∞
1,0 ([0, δ1] × (Γ \ {0})). We note that the P k(t, τ, ξ)

are different from the P j,k(t, τ, ξ) in (2.4) with ε = 0 if k0 ̸= r, and that
whether (2.18) and (2.19) are satisfied or not does not depend on the order
of the product in (2.4) ( see Lemma 2.5 and its remark). We may assume
that P k(t, τ, ξ) are defined for (t, τ, ξ) ∈ [0, δ1] × R × ((Γ ∪ (−Γ)) \ {0}) as
stated in §3.1. For (t, τ, ξ) ∈ [0, δ1]×R× ((−Γ) \ {0}) we define R(t, τ, ξ) by

R(t, τ, ξ) = P (t, τ, ξ)− P 1(t, τ, ξ) ◦ · · · ◦ P k0−1(t, τ, ξ)

◦ P k0+1(t, τ, ξ) ◦ · · · ◦ P r(t, τ, ξ) ◦ P k0(t, τ, ξ)

( see Lemma 3.1). Now fix k0, and write P k0(t, τ, ξ), pk0(t, τ, ξ), Dk0
l (t, ξ),

· · · as P (t, τ, ξ), p(t, τ, ξ), Dl(t, ξ), · · · , i.e.,

p(t, τ, ξ) = τ 3 + a1(t, ξ)τ
2 + a2(t, ξ)τ + a3(t, ξ),

p̂(t, τ, ξ) = p(t, τ − a1(t, ξ)/3, ξ) = τ 3 − â2(t, ξ)τ + â3(t, ξ),

P (t, τ, ξ) = p(t, τ, ξ) + q0(t, τ, ξ) + q1(t, τ, ξ) + r(t, τ, ξ)

until Lemma 3.10, where ql(t, τ, ξ) ∈ S2,−l
1,0 ([0, δ1] × (Γ \ {0})) is positively

homogeneous of degree (2− l) in (τ, ξ) for |ξ| ≥ 1 ( l = 0, 1) and r(t, τ, ξ) ∈
S2,−2
1,0 ([0, δ1] × (Γ \ {0})). Let t0 ∈ [0, δ1/2], ξ

0 ∈ Γ ∩ Sn−1 and θ0 > 0, and
let T (θ),Ξl(θ) ∈ C∞((0, θ0])∩C([0, θ0]) ( 1 ≤ l ≤ n) be real-valued functions
satisfying the following:

(i) 0 < t0 + T (θ) ≤ δ1 for θ ∈ (0, θ0].

(ii) T (0) = 0 and Ξ(0) = ξ0, where Ξ(θ) = (Ξ1(θ), · · · ,Ξn(θ)).

(iii) Ξ(θ) ∈ Sn−1 for θ ∈ [0, θ0] and the Ξl(θ) are real analytic in [0, θ0].
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(iv) T (θ) can be expanded into a convergent Puiseux series of θ ∈ [0, θ0].

We say that T (θ) and Ξ(θ) satisfy the condition (T,Ξ) if the above conditions
(i) – (iv) are satisfied.

(I) The case where D3(t,Ξ(θ)) ̸≡ 0 in (t, θ).
Applying the Weierstrass preparation theorem, we can write

D3(t0 + t,Ξ(θ))â2(t0 + t,Ξ(θ)) =
∞∑
l=l0

dl(t)θ
l

= θl0d(t, θ)

n0∏
i=1

(t− ti(θ)), d(t, θ) ≠ 0

for (t, θ) ∈ [−δ0, δ0] × [0, θ0], where 0 < δ0 ≤ δ1 − t0, dl0(t) ̸≡ 0 and ti(θ) ≡
ti(θ; t0,Ξ). The ti(θ) can be expanded into a convergent Puiseux series of θ
in [0, θ0], with a modification of θ0 if necessary. Put

R0(Ξ(θ); p) = {t0 + ti(θ); 1 ≤ i ≤ n0},
R̃0(Ξ(θ); p) = {(t0 +Re ti(θ))+; 1 ≤ i ≤ n0}.

Then we have

R0(Ξ(θ)) ⊃ R̃0(Ξ(θ); p) ( θ ∈ (0, θ0]),

min
s∈R0(Ξ(θ))

|t0 + T (θ)− s| ≤ min
s∈R̃0(Ξ(θ);p)

|t0 + T (θ)− s|(3.46)

≤ min
s∈R0(Ξ(θ);p)

|t0 + T (θ)− s| ( θ ∈ (0, θ0]).

(3.41) implies that D3(t, ξ) = 0 if D3(t, ξ)â2(t, ξ) = 0.
(II) The case where D3(t,Ξ(θ)) ≡ 0 and â2(t,Ξ(θ)) ̸≡ 0 in (t, θ).
Similarly, we can write

â2(t0 + t,Ξ(θ)) = θl0d(t, θ)

n0∏
i=1

(t− ti(θ)), d(t, θ) ̸= 0

for (t, θ) ∈ [−δ0, δ0]× [0, θ0],

where ti(θ) ≡ ti(θ; t0,Ξ) is expanded into a convergent Puiseux series of θ in
[0, θ0], with modifications of θ0 and δ0 if necessary. SinceD2(t, ξ) = 9â2(t, ξ)

2,
we have also

R0(Ξ(θ)) ⊃ {(t0 +Re ti(θ))+; 1 ≤ i ≤ n0} (≡ R̃0(Ξ(θ); p)) ( θ ∈ (0, θ0]).

Putting R0(Ξ(θ); p) = {t0 + ti(θ); 1 ≤ i ≤ n0}, we have (3.46).

61



(III) The case where â2(t,Ξ(θ)) ≡ 0 in (t, θ).
By (3.11) we have p̂(t, τ,Ξ(θ)) = τ 3 and put

R0(Ξ(θ); p) = R̃0(Ξ(θ); p) = ∅ (⊂ R0(Ξ(θ))),

n0 = 0 and l0 = ∞.
Now we define

µ̂ (≡ µ̂(t0, ξ
0, T,Ξ)) = {Ordθ↓0 â2(t0 + T (θ),Ξ(θ))}/2,

µ̂0 (≡ µ̂0(t0, ξ
0, T,Ξ)) = {Ordθ↓0D3(t0 + T (θ),Ξ(θ))}/2− µ̂,

µ1 (≡ µ1(t0, ξ
0, T,Ξ))

= Ordθ↓0{ min
s∈R0(Ξ(θ);p)

|t0 + T (θ)− s|α(t0 + T (θ),Ξ(θ))},

µ2 (≡ µ2(t0, ξ
0, T,Ξ))

= Ordθ↓0{ min
s∈R0(Ξ(θ);p)

|t0 + T (θ)− s|β(t0 + T (θ),Ξ(θ))},

µ3 (≡ µ3(t0, ξ
0, T,Ξ))

= Ordθ↓0{ min
s∈R0(Ξ(θ);p)

|t0 + T (θ)− s|2ĉ1(t0 + T (θ),Ξ(θ))},

δ (≡ δ(t0, ξ
0, T,Ξ)) = Ordθ↓0{ min

s∈R0(Ξ(θ);p)
|t0 + T (θ)− s|}.

where

α(t, ξ) = b̂1(t, ξ) + i∂ta1(t, ξ),

ĉ1(t, ξ) = sub2 σ(P )(t,−a1(t, ξ)/3, ξ)

and β(t, ξ) is defined by (3.36) with k = k0, and µ̂ = µ̂0 = µ̂0 − µ̂ = ∞ and
δ = 0 in the case (III). Here for f ∈ C([0, θ0]) Ordθ↓0 f(θ) = ν ( ∈ R) means
that there is c ∈ C \ {0} satisfying f(θ) = cθν(1 + o(1)) as θ ↓ 0. We write
Ordθ↓0 f(θ) = ∞ if f(θ) = O(θN) as θ ↓ 0 for any N ∈ Z+. Note that

(3.47) (∂τsub σ(P ))(t, A(t, ξ)− a1(t, ξ)/3, ξ) = 2b0(t, ξ)A(t, ξ) + α(t, ξ).

It follows from (3.41) and (3.42) that

µ̂0 ≥ 2µ̂,

µ̂0 = Ordθ↓0 h2(t0 + T (θ), A(t0 + T (θ),Ξ(θ)),Ξ(θ); p̂)1/2.

Proposition 3.6. If

(3.48) min{µ1, µ3} < µ̂ or µ2 < µ̂0,

then “the Cauchy problem (CP) is not C∞ well-posed” or “(CP) does not
have finite propagation property.”
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Remark. When one replaces R0(Ξ(θ); p) by R̃0(Ξ(θ); p) in the definitions
of µk ( k = 1, 2, 3) and δ, one can show that the proposition is valid, using
(3.46). It follows from (2.5) and (2.26) that whether (3.48) holds or not
does not depend on the order of the product in (2.4), although the µk are
defined under the factorization (3.45). Indeed, if 1 ≤ k ≤ r, m(k) = 3
and a(t, τ, ξ) is a polynomial of τ satisfying a(t, τ, ξ) = O(hm−1(t, τ, ξ)

1/2) for
(t, τ, ξ) ∈ [0, δ1] × Ik × (Γ ∩ Sn−1), then there are bµ(t, ξ) ( 1 ≤ µ ≤ 3) and
C > 0 such that

a(t, τ, ξ) =
3∑

µ=1

bµ(t, ξ)p
k
µ(t, τ, ξ),

|bµ(t, ξ)| ≤ C ( 1 ≤ µ ≤ 3).

So we have

|∂τa(t, τ, ξ)| ≤ C
3∑

µ=1

|∂τpkµ(t, τ, ξ)| ≤ C ′h1(t, τ, ξ; p
k)1/2.

Corollary 3.7. Assume that the the Cauchy problem (CP) is C∞ well-
posed and has finite propagation property. Let (t0, ξ

0) ∈ [0, δ1/2]×(Γ∩Sn−1).
Then we have

µ̂0(t0, ξ
0, T,Ξ) ≤ µ2(t0, ξ

0, T,Ξ),

µ̂(t0, ξ
0, T,Ξ) ≤ µk(t0, ξ

0, T,Ξ) ( k = 1, 3)

if T (θ) and Ξ(θ) satisfy the condition (T,Ξ).

Remark. The corollary does not depend on the order of the product in
(2.4).

In the rest of this subsection we shall prove Proposition 3.6, and give
several lemmas. Assume that (3.48) is satisfied. Then we have δ < ∞ since
µk ≥ δ ( k = 1, 2) and µ3 ≥ 2δ. Moreover, we have µ̂0 > 0 and D3(t0, ξ

0) = 0.
There is c0 > 0 such that

min
s∈R0(Ξ(θ);p)

|t0 + T (θ)− s| ≥ c0θ
δ for θ ∈ [0, θ0].

In the case (III) we may take c0 = 1 and n0 = 0. For v ∈ R we put

(3.49) Tv(θ) = T (θ) + vθδ.

In the cases (I) and (II) we have

â2(t0 + Tv(θ),Ξ(θ)) = θ2µ̂(d(v) + o(1)) as θ ↓ 0,
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where d(v) ̸≡ 0 is a polynomial of v with real coefficients. It is easy to see
that

d(v) > 0 for v ∈ [−c0/2, c0/2],
â2(t0 + Tv(θ),Ξ(θ))

1/2 = θµ̂(
√
d(v) + o(1))

uniformly in v ∈ [−c0/2, c0/2] as θ ↓ 0.

Write

α(t0 + Tv(θ),Ξ(θ)) = θµ̃1−δ(d1(v) + o(1)) as θ ↓ 0

if α(t,Ξ(θ)) ̸≡ 0 in (t, θ),

β(t0 + Tv(θ),Ξ(θ)) = θµ̃2−δ(d2(v) + o(1)) as θ ↓ 0

if β(t,Ξ(θ)) ̸≡ 0 in (t, θ),

ĉ1(t0 + Tv(θ),Ξ(θ)) = θµ̃3−2δ(d3(v) + o(1)) as θ ↓ 0

if ĉ1(t,Ξ(θ)) ̸≡ 0 in (t, θ),

where µ̃k ∈ Q and the dk(v) ( ̸≡ 0) are polynomials of v. Here, for instance,
we put µ̃2 = ∞ if β(t,Ξ(θ)) ≡ 0 in (t, θ). We note that µ̃l ≤ µl ( 1 ≤ l ≤ 3).
It is easy to see that

{Ordθ↓0D3(t0 + Tv(θ),Ξ(θ))}/2− µ̂ = µ̂0 for v ∈ [−c0/2, c0/2]

in the case (I). We also write

â3(t0 + Tv(θ),Ξ(θ)) = θµ4(d4(v) + o(1)) as θ ↓ 0

if â3(t,Ξ(θ)) ̸≡ 0 in (t, θ),

where d4(v) ( ̸≡ 0) is a polynomial of v with real coefficients. Therefore, there
are v0 ∈ (c0/4, c0/2) and s0 > 0 such that I0 ≡ [v0− s0, v0+ s0] ⊂ [c0/4, c0/2]
and

d1(v) ̸= 0 if α(t,Ξ(θ)) ̸≡ 0 in (t, θ),

d2(v) ̸= 0 if β(t,Ξ(θ)) ̸≡ 0 in (t, θ),

d3(v) ̸= 0 if ĉ1(t,Ξ(θ)) ̸≡ 0 in (t, θ),

d4(v) ̸= 0 if â3(t,Ξ(θ)) ̸≡ 0 in (t, θ)

for v ∈ I0. In particular, we have

ν(t0 + Tv(θ),Ξ(θ)) =

{
1 if d4(v) > 0 or â3(t,Ξ(θ)) ≡ 0 in (t, θ),

−1 if d4(v) < 0
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for v ∈ I0, where

ν(t, ξ) =

{
1 if â3(t, ξ) ≥ 0,

−1 if â3(t, ξ) < 0.

We replace T (θ) by Tv0(θ). Then we can assume that I0 = [−s0, s0], µl = µ̃l
( 1 ≤ l ≤ 3) and min{µ1, µ3} < µ̂ or µ2 < µ̂0. Let κ and δ′ be positive
rational constants satisfying δ′κ < 1. Moreover, we assume that δ′ ∈ (0, 1)
and 1 − δ′κ < δκ/2 ( see (3.61) below). We make an asymptotic change of
variables:

(3.50) t = t(s; ρ) ≡ t0 + T (ρ−κ) + ρ−δκs, x = x(y; ρ) ≡ ρδ
′κ−1y.

Put

(3.51) Pρ(s, σ, η) = P (t(s; ρ), ρδκσ, ρ1−δ
′κη).

Let K be a compact neighborhood of (t0, 0) in R×Rn, and put

V = {(s, y, ρ−1) ∈ [−s0, s0]×Rn × (0, ρ−1
0 ]; |y| ≤ 1},

where ρ0 > 0. We choose ρ0 so that

{(t(s; ρ), x(y; ρ)); s ∈ [−s0, s0] and |y| ≤ 1}(3.52)

⊂ {(t, x) ∈ K; t ∈ [0, δ1]} for ρ ≥ ρ0.

Lemma 3.8. Let ψ ∈ C∞(R), and let q(s, σ) be a polynomial of σ of degree
3. Then we have

e−iψ(s)q(s, ρδκDs)(e
iψ(s)u(s))

= [q(s, ρδκ(∂sψ(s) + σ))− i

2
q(2)(s, ρδκ(∂sψ(s) + σ))ρ2δκ∂2sψ(s)

− 1

6
q(3)(s, ρδκ(∂sψ(s) + σ))ρ3δκ∂3sψ(s)]σ=Dsu(s)

for u(s) ∈ C∞(R), where q(k)(s, σ) = ∂kσq(s, σ). Here a(s, σ)|σ=Ds = a(s,Ds)
for a symbol a(s, σ).

Proof. If q(s, σ) = σ, σ2 or σ3, then the lemma can be easily proved.
This proves the lemma.

Let ε = ±1, and let ν0 and γ0 be positive constants. Put

φ(s; ρ) =
l̂∑

k=0

ρ−kγ0φk(s; ρ),(3.53)
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Φ(s, y; ρ) = ρ1−δκ
∫ s

0

{A(t(u; ρ),Ξ(ρ−κ))− a1(t(u; ρ),Ξ(ρ
−κ))/3} du

+ ρδ
′κy · Ξ(ρ−κ),

E(s, y; ρ, ε, ν0, φ) = exp[iεΦ(s, y; ρ) + iρν0φ(s; ρ)],(3.54)

where φk(s; ρ) ∈ C∞([−s0, s0]) for ρ ≥ ρ0, φk(s; ρ) satisfy |∂lsφk(s; ρ)| ≤ Cl
for l ∈ Z+ and (s, ρ−1) ∈ [−s0, s0] × (0, ρ−1

0 ], l̂ = 0 or 1, and A(t, ξ) (≡
Ak0(t, ξ)) is defined by (3.9) with k = k0. By Lemma 3.8 we have

P̃ (s,Ds; ρ,E)u(s)

≡ E(s, y; ρ, ε, ν0, φ)
−1Pρ(s,Ds, Dy)(E(s, y; ρ, ε, ν0, φ)u(s))

= E(s, 0; ρ, ε, ν0, φ)
−1P (t(s; ρ), ρδκDs, ερΞ(ρ

−κ))(E(s, 0; ρ, ε, ν0, φ)u(s))

= [P (t(s; ρ), ερÃ(s; ρ) + ρδκ+ν0∂sφ+ ρδκσ, ερΞ(ρ−κ))

− i

2
P (2)(t(s; ρ), ερÃ+ ρδκ+ν0∂sφ+ ρδκσ, ερΞ(ρ−κ))

× ρ2δκ(ερ1−δκ∂sÃ+ ρν0∂2sφ)

− ρ3δκ(ερ1−δκ∂2s Ã+ ρν0∂3sφ)]σ=Dsu(s),

where
Ã ≡ Ã(s; ρ) = A(t(s; ρ),Ξ(ρ−κ))− a1(t(s; ρ),Ξ(ρ

−κ))/3

and φ = φ(s; ρ).

Lemma 3.9. Let µ ∈ Z+, and let a(s, θ) ∈ C∞([−s0, s0]× [0, θ0]) satisfy

a(s, θ) = O(θµ) uniformly in s ∈ [−s0, s0]) as θ ↓ 0.

Namely, there is C > 0 such that

|θ−µa(s, θ)| ≤ C if (s, θ) ∈ [−s0, s0]× (0, θ0].

Then, for any l ∈ Z+

∂lsa(s, θ) = O(θµ) uniformly in s ∈ [−s0, s0] as θ ↓ 0.

Remark. For instance, for â2(t, ξ) there is L ∈ N such that

a(s, θ) ≡ â2(t(s; θ
−L/κ),Ξ(θL)) ∈ C∞([−s0, s0]× [0, θ

1/L
0 ]).

Then, we can apply the lemma to a(s, θ), and for any l ∈ Z+ we have

∂lsâ2(t(s; ρ),Ξ(ρ
−κ)) = O(ρ−µ̂κ) uniformly in s ∈ [−s0, s0] as ρ→ ∞.
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Proof. By assumption we have

(∂lθa)(s, 0) ≡ 0 in s ( 0 ≤ l ≤ µ− 1).

Then Taylor’s formula yields

∂lsa(s, θ) =
θµ

(µ− 1)!

∫ 1

0

(1− τ)µ−1(∂ls∂
µ
θ a)(s, τθ) dτ.

This proves the lemma.

Recall that

p̂(t, τ, ξ) = p(t, τ − a1(t, ξ)/3, ξ) = τ 3 − â2(t, ξ)τ + â3(t, ξ),

P (t, τ, ξ) = p(t, τ, ξ) + q0(t, τ, ξ) + q1(t, τ, ξ) + r(t, τ, ξ),

q0(t, τ − a1(t, ξ)/3, ξ) = b0(t, ξ)τ
2 + b̂1(t, ξ)τ + b̂2(t, ξ),

α(t, ξ) = b̂1(t, ξ) + i∂ta1(t, ξ).

A straightforward calculation yields

P̃ (s,Ds; ρ,E)u(s)

= [ερ3p̂(t(s, ρ), A(s; ρ),Ξ(ρ−κ)) + 3ερ1+2δκA(s, ρ)(ρν0∂sφ+ σ)2

+ ρ3δκ(ρν0∂sφ+ σ)3 + ρ2q0(t(s, ρ), Ã(s; ρ),Ξ(ρ
−κ))

+ ερ1+δκq
(1)
0 (t(s, ρ), Ã(s; ρ),Ξ(ρ−κ))(ρν0∂sφ+ σ)

+ ρ2δκb0(t(s, ρ),Ξ(ρ
−κ))(ρν0∂sφ+ σ)2

+ ερq1(t(s, ρ), Ã(s; ρ),Ξ(ρ
−κ))

+ ρδκq
(1)
1 (t(s, ρ), Ã(s; ρ),Ξ(ρ−κ))(ρν0∂sφ+ σ)

+
ε

2
ρ2δκ−1q

(2)
1 (t(s, ρ), 0,Ξ(ρ−κ))(ρν0∂sφ+ σ)2

+ r(t(s; ρ), ερÃ(s; ρ) + ρδκ+ν0∂sφ+ ρδκσ, ερΞ(ρ−κ))

− {3εiρA(s; ρ) + 3iρδκ(ρν0∂sφ+ σ) + ib0(t(s, ρ),Ξ(ρ
−κ))

+
i

2
q
(2)
1 (t(s; ρ), 0, ερΞ(ρ−κ)) +

i

2
r(2)(t(s; ρ), 0, ερΞ(ρ−κ))}

× (ερ1+δκ∂sÃ(s; ρ) + ρ2δκ+ν0∂2sφ)

− (ερ1+2δκ∂2s Ã(s; ρ) + ρ3δκ+ν0∂3sφ)]σ=Dsu(s)

= [ρ3δκ+3ν0(∂sφ)
3

+ ρ2{q0(t(s; ρ), Ã(s; ρ),Ξ(ρ−κ))− 3iρδκA(s; ρ)∂sÃ(s; ρ)}
+ 3ερ1+2δκ+2ν0A(s; ρ)(∂sφ)

2
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+ ερ1+δκ+ν0{b̂1(t(s; ρ),Ξ(ρ−κ)) + ρδκ∂sa1(t(s; ρ),Ξ(ρ
−κ))}

× (∂sφ+ ρ−ν0Ds)

+ ερ{q1(t(s; ρ), Ã(s; ρ),Ξ(ρ−κ)) + ρ2δκ∂2sa1(t(s; ρ),Ξ(ρ
−κ))/3

+ iρδκb0(t(s; ρ),Ξ(ρ
−κ)∂sa1(t(s; ρ),Ξ(ρ

−κ))/3}
− 2ερ3(A(s; ρ)3 − â3(t(s; ρ),Ξ(ρ

−κ))/2)

+ ρ3δκ+2ν0{3(∂sφ)2Ds − 3i(∂sφ)(∂
2
sφ)

+ ρ−ν0l1(s, ρ
−1; ∂sφ, ∂

2
sφ, ∂

3
sφ,Ds, ε)

+ ρ−δκb0(t(s; ρ),Ξ(ρ
−κ))(∂sφ)

2 + ρ−δκ−1l2(s, ρ
−1; ∂sφ,Ds)}

+ ερ1+2δκ+ν0{6A(t(s; ρ),Ξ(ρ−κ))(∂sφ)Ds

− 3iA(t(s; ρ),Ξ(ρ−κ))(∂2sφ)

− 3i∂sA(t(s; ρ),Ξ(ρ
−κ))(∂sφ) + ρ−µ̂κ−ν0l3(s, ρ

−1;Ds)

+ 2ρ−δκA(t(s; ρ),Ξ(ρ−κ))b0(t(s; ρ),Ξ(ρ
−κ))

× (∂sφ+ ρ−ν0Ds)}]u(s),
= [ρ3δκ+3ν0(∂sφ)

3 + ρ2−µ2κ+δκ(ρµ2κ−δκβ(t(s; ρ),Ξ(ρ−κ)))

+ 3ερ1+2δκ−µ̂κ+2ν0(ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))(∂sφ)
2

+ ερ1+2δκ−µ1κ+ν0(ρµ1κ−δκα(t(s; ρ),Ξ(ρ−κ)))(∂sφ+ ρ−ν0Ds)

+ ερ1−µ3κ+2δκ(ρµ3κ−2δκĉ1(t(s; ρ),Ξ(ρ
−κ)))

− 2ερ3−2µ̂0+µ̂κ(ρ2µ̂0κ−µ̂κ(A(t(s; ρ),Ξ(ρ−κ))3 − â3(t(s; ρ),Ξ(ρ
−κ))/2))

+ ρ3δκ+2ν0{3(∂sφ)2Ds − 3i(∂sφ)(∂
2
sφ)

+ ρ−ν0l1(s, ρ
−1; ∂sφ, ∂

2
sφ, ∂

3
sφ,Ds, ε) + ρ−δκb0(t(s; ρ),Ξ(ρ

−κ))(∂sφ)
2

+ ρ−δκ−1l2(s, ρ
−1; ∂sφ,Ds)}

+ ερ1+2δκ−µ̂κ+ν0{6(ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))(∂sφ)Ds

− 3i(ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))(∂2sφ)

− 3i(ρµ̂κ∂sA(t(s; ρ),Ξ(ρ
−κ)))(∂sφ) + ρ−ν0l3(s, ρ

−1;Ds)

+ 2ρ−δκ(ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))b0(t(s; ρ),Ξ(ρ
−κ))(∂sφ+ ρ−ν0Ds)}]u(s),

where l1(s, θ;X1, X2, X3, X4, X5) is a polynomial of {Xk}1≤k≤5 with coeffi-
cients in C∞([−s0, s0] × [0, 1]), degX1

l1 = 2, degXk
l1 = 1 ( k = 2, 3, 5) and

degX4
l1 = 3, l2(s, θ;X1, X2) is a polynomial of X1 and X2 with coefficients

in C∞([−s0, s0] × [0, 1]), degXk
l2 = 2 (k = 1, 2), and l3(s, θ;Ds) is a dif-

ferential operator of order 2 with coefficients in C∞([−s0, s0] × [0, 1]), and
l3(s, θ;Ds) = 0 if µ̂ = ∞. Here we have used the facts that

3A(t, ξ)2 = â2(t, ξ),

β(·) = q0(t(s; ρ), A(·)− a1(·)/3,Ξ(ρ−κ)) + iρδκA(·)∂sa1(·)
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− i

2
ρδκ∂sâ2(·)

= q0(t(s; ρ), A(·)− a1(·)/3,Ξ(ρ−κ))− 3iρδκA(·)∂s(A(·)− a1(·)/3),
b̂1(·) + iρδκ∂sa1(·) = α(·),
q1(t(s; ρ),−a1(·)/3,Ξ(ρ−κ)) + ρ2δκ∂2sa1(·)/3 + iρδκb0(·)∂sa1(·)/3 = ĉ1(·),
q1(t(s; ρ), Ã(·),Ξ(ρ−κ))
= q1(t(s; ρ),−a1(·)/3,Ξ(ρ−κ)) + q

(1)
1 (t(s; ρ),−a1(·)/3,Ξ(ρ−κ))A(·)

+
1

2
q
(2)
1 (t(s; ρ), 0,Ξ(ρ−κ))A(·)2,

r(t(s; ρ), ερÃ(·), ερΞ(ρ−κ)) = O(1),

r(1)(t(s; ρ), ερÃ(·), ερΞ(ρ−κ)) = O(ρ−1),

r(2)(t(s; ρ), 0, ερΞ(ρ−κ)) = O(ρ−2)

uniformly in s ∈ [−s0, s0] as ρ→ ∞,

where (·) = (t(s; ρ),Ξ(ρ−κ)). We note that

A(t, ξ)3 − â3(t, ξ)/2 = ν(t, ξ){(â2(t, ξ)/3)3/2 − |â3(t, ξ)|/2},
D3(t, ξ) = 108{(â2(t, ξ)/3)3/2 − |â3(t, ξ)|/2}{(â2(t, ξ)/3)3/2 + |â3(t, ξ)|/2},
D3(t, ξ) ≤ 216|A(t, ξ)3 − â3(t, ξ)/2|(â2(t, ξ)/3)3/2 ≤ 2D3(t, ξ).

This implies that there is C > 0 satisfying

ρ2µ̂0κ−µ̂κ|A(t(s; ρ),Ξ(ρ−κ))3 − â3(t(s; ρ),Ξ(ρ
−κ))/2| ≤ C

for (s, ρ−1) ∈ [−s0, s0]× (0, ρ−1
0 ]. We shall prove Proposition 3.6 by dividing

into four cases:
Case A is the case where

min{µ1, µ3} ≥ µ2/2 and µ2 < 2µ̂.

Case B is the case where

min{µ1, µ3} ≥ µ̂ and 2µ̂ ≤ µ2 < µ̂0.

Case C is the case where

µ1 ≤ µ3, 2µ1 < µ2 and µ1 < µ̂.

Case D is the case where

µ3 ≤ µ1, 2µ3 < µ2 and µ3 < µ̂.
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Let us first consider Case A. We choose

ν0 = (2− µ2κ− 2δκ)/3, κ = (δ + µ2/2 + 3µ4/2)
−1,

where µ4 = min{µ̂− µ2/2, 2/3}. Then we have

3δκ+ 3ν0 = 2− µ2κ+ δκ, 1− δκ = (µ2 + 3µ4)κ/2,

ν0 = µ4κ (> 0), ν0 ≤ 2/3,

3δκ+ 3ν0 − (1 + 2δκ− µ̂κ+ 2ν0) = ν0/2 + (µ̂− µ2/2− µ4)κ ≥ ν0/2,

3δκ+ 3ν0 − (1 + 2δκ− µ1κ+ ν0) = ν0/2 + (µ1 − µ2/2)κ ≥ ν0/2,

3δκ+ 3ν0 − (1 + 2δκ− µ3κ) = 3ν0/2 + (µ3 − µ2/2)κ ≥ 3ν0/2,

3δκ+ 3ν0 − (3− 2µ̂0κ+ µ̂κ)

= 3ν0/2 + 2(µ̂0 − 2µ̂)κ+ 3(µ̂− µ2/2− µ4)κ ≥ 3ν0/2.

So we choose ε = 1, l̂ = 1 and γ0 = ν0/2 in (3.53) and (3.54). We note that

A(t(s; ρ),Ξ(ρ−κ)) ≡ A(t(s; ρ),Ξ(ρ−κ))3 − â3(t(s; ρ),Ξ(ρ
−κ))/2 ≡ 0

and 3 − 2µ̂0κ + µ̂κ = −∞ when µ̂ = ∞. Define φ0(s; ρ) ∈ C∞([−s0, s0] ×
[ρ0,∞)) by

(3.55) φ0(s; ρ) =

∫ s

0

(−ρµ2κ−δκβ(t(u; ρ),Ξ(ρ−κ)))1/3 du.

Note that

ρµ2κ−δκβ(t(s; ρ),Ξ(ρ−κ)) = d2(s) + o(1) as ρ→ ∞,

where d2(s) ̸= 0 for s ∈ [−s0, s0]. Here we have chozen a branch of (−ρµ2κ−δκ
× β(t(u; ρ),Ξ(ρ−κ)))1/3 so that its imaginary part is negative. Then there is
d̂ > 0 such that

Imφ0(s; ρ) ≥ d̂|s| for s ∈ [−s0, 0) and ρ ≥ ρ0,

with a modification of ρ0 if necessary. Since

(∂sφ0(s; ρ) + ρ−ν0/2∂sφ1(s; ρ))
3

= (∂sφ0)
3 + 3ρ−ν0/2(∂sφ0)

2(∂sφ1) + 3ρ−ν0(∂sφ0)(∂sφ1)
2 + ρ−3ν0/2(∂sφ1)

3,

∂sφ1(s; ρ) is chosen so as to satisfy

3(∂sφ0)
2(∂sφ1) + 3ρ−(µ̂−µ2/2−µ4)(ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))(∂sφ0)

2
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+ ρ−(µ1−µ2/2)κ(ρµ1κ−δκα(t(s; ρ),Ξ(ρ−κ)))(∂sφ0) = 0.

Noting ∂sφ0(s; ρ) = (−d2(s))1/3 +O(1) as ρ→ ∞, we define

φ1(s; ρ) = −
∫ s

0

[ρ−(µ̂−µ2/2−µ4)(ρµ̂κA(t(u; ρ),Ξ(ρ−κ)))

+ ρ−(µ1−µ2/2)κ(ρµ1κ−δκα(t(u; ρ),Ξ(ρ−κ))/(3(∂sφ0)(u; ρ))] du.

Putting

u(s; ρ−1) ∼
∞∑
l=0

ρ−lν0ul(s; ρ
−1),(3.56)

u−1(s; ρ
−1) ≡ 0, u0(0; ρ

−1) = 1, uk(0; ρ
−1) = 0 ( k ≥ 1),(3.57)

we obtain the following transport equations for u(s; ρ−1):

{(3(∂sφ(s; ρ))2 + 6ρ−ν0/2−ν1(ρµ̂κA(t(s; ρ),Ξ(ρ−κ))(∂sφ)(3.58)

+ ρ−ν0/2−(µ1−µ2/2)κ(ρµ1κ−δκα(t(s; ρ),Ξ(ρ−κ)))Ds

+ 3(∂sφ1(s; ρ))
2∂sφ0(s; ρ) + ρ−ν0/2(∂sφ1)

3

+ 6ρ−ν1(ρµ̂κA(t(s; ρ),Ξ(ρ−κ))(∂sφ0)(∂sφ1)

+ 3ρ−ν0/2−ν1(ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))(∂sφ1)
2

+ ρ−(µ1−µ2/2)κ(ρµ1κ−δκα(t(s; ρ),Ξ(ρ−κ)))(∂sφ1)

+ ρ−ν0/2−(µ3−µ2/2)κ(ρµ3κ−2δκĉ1(t(s; ρ),Ξ(ρ
−κ)))

− 2ρ−ν0/2−2(µ̂0−2µ̂)κ−3ν1

× (ρ2µ̂0κ−µ̂κ(A(t(s; ρ),Ξ(ρ−κ))3 − â3(t(s; ρ),Ξ(ρ
−κ))/2))

− 3i(∂sφ)(∂
2
sφ) + ρ−δκb0(t(s; ρ),Ξ(ρ

−κ))(∂sφ)
2

− 3iρ−ν0/2−ν1(ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))(∂2sφ)

− 3iρ−ν0/2−ν1(ρµ̂κ∂sA(t(s; ρ),Ξ(ρ
−κ)))(∂sφ)

+ 2ρ−δκ−ν0/2−ν1(ρµ̂κA(t(s; ρ),Ξ(ρ−κ))b0(t(s; ρ),Ξ(ρ
−κ))(∂sφ)}

× uk(s; ρ
−1)

+ {l1(s, ρ−1; ∂sφ, ∂
2
sφ, ∂

3
sφ,Ds, 1)

+ ρν0−δκ−1l2(s, ρ
−1; ∂sφ,Ds) + ρ−ν0/2−ν1l3(s, ρ

−1, Ds)

+ 2ρ−δκ−ν0/2−ν1(ρµ̂κA(t(s; ρ),Ξ(ρ−κ))b0(t(s; ρ),Ξ(ρ
−κ))Ds}

× uk−1(s; ρ
−1) = 0 ( k = 0, 1, 2, · · · ),

where ν1 = (µ̂ − µ2/2 − µ4)κ. We can determine {uk(s; ρ−1)}k=0,1,2,···, in-
ductively, so as to satisfy (3.57) and (3.58). It is easy to see that there are
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Cl,k > 0 (l, k ∈ Z+) satisfying

|Dl
suk(s; ρ

−1)| ≤ Cl,k for l, k ∈ Z+, s ∈ [−s0, s0] and ρ ∈ [ρ0,∞).

Let ϕ(s) ∈ C∞
0 (R) satisfy

ϕ(s) =

{
1 if |s| ≤ s0/2,

0 if |s| ≥ s0,

and put

vN(s, y; ρ
−1, ε) =

N∑
k=0

ρ−kν0uk(s; ρ
−1)ϕ(s)E(s, y; ρ, ε, ν0, φ)(3.59)

( N ∈ Z+).

Then we have

(ρδκDs)
l(ρ1−δ

′κDy)
αPρ(s,Ds, Dy)vN(s, y; ρ

−1, 1)(3.60)

=



O(ρ3δκ+2ν0−ν0(N+1)+l+|α|)

unniformly in Ω̃ε0,ρ(0, 0) ∩ {|s| ≤ s0/2} as ρ→ ∞,

O(ρ−M)

unniformly in Ω̃ε0,ρ(0, 0) ∩ {s0/2 ≤ |s| ≤ s0} as ρ→ ∞
( M ∈ N),

where

(3.61) Ω̃ε0,ρ(0, 0) = {(s, y) ∈ Rn+1; s < −ε0ρδκ−2+2δ′κ|y|2}.

Here we have taken ε = 1 in Case A. Next cosider Case B. Note that µ̂ <∞
and µ2 <∞. We choose

ν0 = (1− δκ+ µ̂κ− µ2κ)/2, κ = (δ − µ̂+ µ̂0)
−1.

Then we have

2− µ2κ+ δκ = 1 + 2δκ− µ̂κ+ 2ν0, 1− δκ = (µ̂0 − µ̂)κ,

ν0 = (µ̂0 − µ2)κ/2 (> 0),

1 + 2δκ− µ̂κ+ 2ν0 − (3δκ+ 3ν0) = ν0 + (µ2 − 2µ̂)κ ≥ ν0,

1 + 2δκ− µ̂κ+ 2ν0 − (1 + 2δκ− µ1κ+ ν0) = ν0 + (µ1 − µ̂)κ ≥ ν0,

1 + 2δκ− µ̂κ+ 2ν0 − (1− µ3κ+ 2δκ) = 2ν0 + (µ3 − µ̂)κ ≥ 2ν0,
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1 + 2δκ− µ̂κ+ 2ν0 − (3− 2µ̂0κ+ µ̂κ) = 2ν0.

Therefore, we choose l̂ = 0 in (3.53) and ε = ±1 so that the imaginary part
of a branch of (−εβ̃(s; ρ)/3)1/2 is negative, where

β̃(s; ρ) = (ρµ̂κA(t(s; ρ),Ξ(ρ−κ)))−1(ρµ2κ−δκβ(t(s; ρ),Ξ(ρ−κ)).

We define φ(s; ρ) ∈ C∞([−s0, s0]× [ρ0,∞)) by

φ(s; ρ) =

∫ s

0

(−εβ̃(u; ρ)/3)1/2 du.

Here we have

β̃(s; ρ) = (d(s)/3)−1/2d2(s) + o(1) as ρ→ ∞,

d(s) > 0 and d2(s) ̸= 0 for s ∈ [−s0, s0],
Im(−εβ̃(s; ρ)/3)1/2 < 0 for s ∈ [−s0, s0].

Writing u(s; ρ−1) as (3.56), we obtain the following transport equations for
u(s; ρ−1):

{6ε(ρµ̂κA(·))(∂sφ)Ds + ρ−(µ2−2µ̂)κ(∂sφ)
3(3.62)

+ ερ−κ(µ1−µ̂)(ρµ1κ−δκα(·))(∂sφ)− 3εi(ρµ̂κA(·))(∂2sφ)
− 3εi(ρµ̂κ∂sA(·))(∂sφ) + 2ερ−δκ(ρµ̂κA(·))b0(·)(∂sφ)}uk(s; ρ−1)

+ {ερ−κ(µ1−µ̂)(ρµ1κ−δκα(·))Ds + ερ−κ(µ3−µ̂)(ρµ3κ−2δκĉ1(·))
− 2ε(ρ2µ̂0κ−µ̂κ(A(·)3 − â3(·)/2))
+ 3ρ−κ(µ2−2µ̂)((∂sφ)

2Ds − i(∂sφ)(∂
2
sφ) + ρ−δκb0(·)(∂sφ)2

+ ρ−ν0l1(s, ρ
−1; ∂sφ, ∂

2
sφ, ∂

3
sφ,Ds, ε)

+ ρ−δκ−1l2(s, ρ
−1; ∂sφ,Ds))

+ 2ερ−δκ(ρµ̂κA(·))b0(·)Ds + εl3(s, ρ
−1;Ds)}uk−1(s; ρ

−1) = 0

( k = 0, 1, 2, · · · ),

where (·) = (t(s; ρ),Ξ(ρ−κ)). Similarly, we can determine {uk(s; ρ−1)}k=0,1,2,···
so as to satisfy (3.57) and (3.62). We define vN(s, y; ρ

−1, ε) ( N ∈ Z+) by
(3.59). Then we have (3.60), replacing 1 by ε on the left-hand side and
O(ρ3δκ+2ν0−ν0(N+1)+l+|α|) by O(ρ2−µ2κ+δκ−ν0(N+2)+l+|α|) on the right-hand side.
Let us consider Case C. Note that µ1 < ∞ and min{µ2 − µ1, µ̂} > 0. We
choose

ν0 = (1− δκ− µ1κ)/2, κ = (δ + µ1 + µ5)
−1,
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where
µ5 = min{µ2 − 2µ1, µ̂− µ1, 1}κ.

Then we have

3δκ+ 3ν0 = 1 + 2δκ− µ1κ+ ν0, 1− δκ = µ1κ+ µ5κ,

ν0 = (1− δκ− µ1κ)/2 = µ5κ/2 (> 0), ν0 ≤ 1/2,

3δκ+ 3ν0 − (2 + δκ− µ2κ) = ν0 + (µ2 − 2µ1 − µ5)κ ≥ ν0,

3δκ+ 3ν0 − (1 + 2δκ− µ̂κ+ 2ν0) = ν0 + (µ̂− µ1 − µ5)κ ≥ ν0,

3δκ+ 3ν0 − (1 + 2δκ− µ3κ) = ν0 + (µ3 − µ1)κ ≥ ν0,

3δκ+ 3ν0 − (3− 2µ̂0κ+ µ̂κ) = 3ν0 + 2(µ̂0 − 2µ̂)κ+ 3(µ̂− µ1 − µ5)κ ≥ 3ν0.

We note that

β(t(s; ρ),Ξ(ρ−κ)) ≡ 0 in s for ρ ≥ ρ0 when µ2 = ∞.

So we choose l̂ = 0 in (3.53) and ε = ±1 so that the imaginary part of a
branch of (−ερµ1κ−δκα(t(s; ρ),Ξ(ρ−κ)))1/2 is negative. We define φ(s; ρ) ∈
C∞([−s0, s0]× [ρ0,∞)) by

(3.63) φ(s; ρ) =

∫ s

0

(−ερµ1κ−δκα(t(u; ρ),Ξ(ρ−κ)))1/2 du.

Writing u(s; ρ−1) as (3.56), we obtain the following transport equations for
u(s; ρ−1):

{2(∂sφ)2Ds + ρ−(µ2−2µ1−µ5)κ(ρµ2κ−δκβ(·))(3.64)

+ 3ερ−(µ̂−µ1−µ5)κ(ρµ̂κA(·))(∂sφ)2 + ερ−(µ3−µ1)κ(ρµ3κ−2δκĉ1(·))
− 3i(∂sφ)(∂

2
sφ) + ρ−δκb0(·)(∂sφ)2}uk(s; ρ−1)

+ {−2ερ−ν0−3(µ̂−µ1−µ5)κ−2(µ̂0−2µ̂)κ(ρ2µ̂0κ−µ̂κ(A(·)3 − â3(·)/2))
+ l1(s, ρ

−1; ∂sφ, ∂
2
sφ, ∂

3
sφ,Ds, ε) + ρν0−δκ−1l2(s, ρ

−1; ∂sφ,Ds)

+ ερ−(µ̂−µ1−µ5)κ(6(ρµ̂κA(·))(∂sφ)Ds − 3i(ρµ̂κA(·))(∂2sφ)
− 3i(ρµ̂κ∂sA(·))(∂sφ) + ρ−ν0l3(s, ρ

−1;Ds)

+ 2ρ−δκ(ρµ̂κA(·))b0(·)(∂sφ+ ρ−ν0Ds))}
× uk−1(s; ρ

−1) = 0 ( k = 0, 1, 2, · · · ),

where (·) = (t(s; ρ),Ξ(ρ−κ)). Similarly, we can determine {uk(s; ρ−1)}k=0,1,2,···
so as to satisfy (3.57) and (3.64). We define vN(s, y; ρ

−1, ε) ( N ∈ Z+) by
(3.59). Then we have (3.60) with an obvious modification. Let us finally
consider Case D. Note that µ3 <∞. We choose

ν0 = (1− δκ− µ3κ)/3, κ = (δ + µ3 + µ6)
−1,
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where
µ6 = min{µ2/2− µ3, 3(µ̂− µ3)/4, 3(µ1 − µ3)/2, 1}.

Then we have

3δκ+ 3ν0 = 1 + 2δκ− µ3κ,

1− δκ = (µ3 + µ6)κ = µ3κ+ 3ν0,

ν0 = µ6κ/3 (> 0), ν0 ≤ 1/3,

3δκ+ 3ν0 − (2− µ2κ+ δκ) = 3ν0 + 2(µ2/2− µ3 − µ6)κ ≥ 3ν0,

3δκ+ 3ν0 − (1 + 2δκ− µ̂κ+ 2ν0) = ν0 + (µ̂− µ3 − µ6)κ > ν0,

3δκ+ 3ν0 − (1 + 2δκ− µ1κ+ ν0) = ν0 + (µ1 − µ3 − 2µ6/3)κ ≥ ν0,

3δκ+ 3ν0 − (3 + µ̂κ− 2µ̂0κ) = 6ν0 + (2(µ̂0 − 2µ̂) + 3(µ̂− µ3)− 4µ6)κ

≥ 6ν0.

We choose ε = 1 and l̂ = 0 in (3.53) and (3.54). Define φ(s; ρ) ∈ C∞([−s0, s0]
× [ρ0,∞)) by

(3.65) φ(s; ρ) =

∫ s

0

[−(ρµ3κ−2δκĉ1(t(u; ρ),Ξ(ρ
−κ)))]1/3 du.

Here we have chosen a branch of [−(ρµ3κ−2δκĉ1(t(u; ρ),Ξ(ρ
−κ)))]1/3 so that

its imaginary part is negative. Writing u(s; ρ−1) as (3.56), we obtain the
following transport equations for u(s; ρ−1):

{3(∂sφ)2Ds − 3i(∂sφ)(∂
2
sφ) + 3ρ−(µ̂−µ3−µ6)κ(ρµ̂κA(·))(∂sφ)2

+ ρ−(µ1−µ3−2µ6/3)κ(ρµ1κ−δκα(·))(∂sφ) + ρ−δκb0(·)(∂sφ)2}uk(s; ρ−1)

+ {ρ−(µ̂−µ3−µ6)κ(6(ρµ̂κA(·)(∂sφ)Ds − 3i(ρµ̂κA(·)(∂2sφ)− 3i(ρµ̂κ∂sA(·))(∂sφ)
+ 2ρ−δκ(ρµ̂κA(·))b0(·)(∂sφ+ ρ−ν0Ds) + ρ−ν0l3(s, ρ

−1;Ds))

+ ρ−ν0−(µ2−2µ3−2µ6)κ(ρµ2κ−δκβ(·))
− 2ρ−4ν0−(2(µ̂0−2µ̂)+3(µ̂−µ3)−4µ6)κ(ρ2µ̂0κ−µ̂κ(A(·)3 − â3(·)/2))
+ l1(s, ρ

−1; ∂sφ, ∂
2
sφ, ∂

3
sφ,Ds, 1)

+ ρν0−δκ−1l2(s, ρ
−1; ∂sφ,Ds)}uk−1(s; ρ

−1) = 0 ( k = 0, 1, 2, · · · ).

Here l3(s; θ,Ds) = 0 if µ̂ = ∞, α(t(s; ρ),Ξ(ρ−κ)) ≡ 0 in s for ρ ≥ ρ0 if
µ1 = ∞, and β(t(s; ρ),Ξ(ρ−κ)) ≡ 0 in s for ρ ≥ ρ0 if µ2 = ∞. Similarly, we
can construct {vN(s, y; ρ−1, 1)}N∈Z+ satisfying (3.59) with ε = 1 and (3.60).

The condition (3.48) in Proposition 3.6 is satisfied if and only if at least
one of Case A to Case D occur. Indeed, first assume that min{µ1, µ3} < µ̂.
If µ1 ≤ µ3 and 2µ1 < µ2, then µ1 < µ̂ and Case C occurs. If µ1 ≤ µ3 and
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µ2 ≤ 2µ1, then µ1 < µ̂ and Case A occurs. If µ3 < µ1 and 2µ3 < µ2, then
µ3 < µ̂ and Case D occurs. If µ3 < µ1 and µ2 ≤ 2µ3, then µ3 < µ̂ and Case A
occurs. Next assume that min{µ1, µ3} ≥ µ̂ and µ2 < µ̂0. If µ2 < 2µ̂ (≤ µ̂0),
then Case A occurs. If 2µ̂ ≤ µ2 (< µ̂0), then Case B occurs. This proves the
“only if” part. The converse is obvious.

Now we won’t omit “k0”, i.e., P (t,Dt, Dx) denotes the differential oper-
ator in §1.

Lemma 3.10. Assume that the Cauchy problem (CP) is C∞ well-posed
and has finite propagation property. Let K be a compact neighborhood of
(t0, 0) in R × Rn, and let ρ0 be a positive constant satisfying (3.52). Then
for any p ∈ Z+ there are C > 0 and q ∈ Z+ such that

|v|p,Ω̃ε0,ρ(0,0)
≤ Cρqδκ|Pρ(s,Ds, Dy)v|q,Ω̃ε0,ρ(0,0)

for ρ ≥ ρ0 and(3.66)

v(s, y) ∈ C∞(Rn+1) with supp v ⊂ {(s, y); t(s; ρ) ≥ 0},

where Ω̃ε0,ρ(0, 0) is defined by (3.61), ε0 is a positive constant defined as
Lemma 3.5, and Pρ(s, σ, η) is defined by (3.51).

Proof. Let v(s, y) ∈ C∞(Rn+1) satisfy supp v ⊂ W , where W =
[−s0, s0]× {y ∈ Rn; |y| ≤ 1}. Put

uρ(t, x) = v(ρδκ(t− t0 − T (ρ−κ)), ρ−δ
′κ+1x).

Then we have

P (t,Dt, Dx)uρ(t, x)|t=t(s;ρ), x=x(y;ρ) = Pρ(s,Ds, Dy)v(s, y).

It is obvious that

(s, y) ∈ Ω̃ε0,ρ(0, 0) ⇔ (t(s; ρ), x(y; ρ)) ∈ Ωε0(t0 + T (ρ−κ), 0).

Therefore, Lemma 3.5 proves the lemma.

We factorized P (t, τ, ξ) as (3.45). Then we have

Pρ(s,Ds, Dy)(exp[iερ
δ′κy · Ξ(ρ−κ)]u(s))

= exp[iερδ
′κy · Ξ(ρ−κ)]{P 1

ρ (s,Ds, ερ
δ′κΞ(ρ−κ)) · · ·P k0−1

ρ (s,Ds, ερ
δ′κΞ(ρ−κ))

× P k0+1
ρ (s,Ds, ερ

δ′κΞ(ρ−κ)) · · ·P r
ρ (s,Ds, ερ

δ′κΞ(ρ−κ))

× P k0
ρ (s,Ds, ερ

δ′κΞ(ρ−κ)) +Rρ(s,Ds, ερ
δ′κΞ(ρ−κ))}u(s),

where Rρ(s, σ, η) = R(t(s; ρ), ρδκσ, ρ1−δ
′κη). For P k0

ρ (s,Ds, Dy) we con-
structed asymptotic solutions {vN(s, y; ρ−1, ε)}N∈Z+ satisfying (3.59) and
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(3.60) with an obvious modification when at least one of Case A, Case C
and Case D occurs. Here we should choose ε appropriately. In Case B we
constructed asymptotic solutions {vN(s, y; ρ−1, ε)}N∈Z+ satisfying (3.59) and
(3.60) with 3δκ+2ν0 in the exponent replaced by 2−µ2κ+ δκ. In (3.60) we
replace 1 by ε. Note that

Pρ(s,Ds, Dy)(E(s, y; ρ, ε, ν0, φ)u(s))

= exp[iερδ
′κy · Ξ(ρ−κ)]Pρ(s,Ds, ερ

δ′κΞ(ρ−κ))(E(s, 0; ρ, ε, ν0, φ)u(s)),

Rρ(s,Ds, Dy)(E(s, y; ρ, ε, ν0, φ)u(s))

= exp[iερδ
′κy · Ξ(ρ−κ)]Rρ(s,Ds, ερ

δ′κΞ(ρ−κ))(E(s, 0; ρ, ε, ν0, φ)u(s))

= O(ρ−M) uniformly in [−s0, 0] as ρ→ ∞ ( M ∈ N)

for u(s) ∈ C∞([−s0, s0]). Therefore, Lemma 3.10 proves Proposition 3.6,
since the asymptotic solutions {vN(s, y; ρ−1, ε)}N∈Z+ violate (3.66).

Lemma 3.11. Assume that 1 ≤ k0 ≤ r and m(k0) = 3, and that the
Cauchy problem (CP) is C∞ well-posed and has finite propagation property.
Let (t0, ξ

0) ∈ [0, δ1/2]×(Γ∩Sn−1), and let T (θ) and Ξ(θ) satisfy the condition
(T,Ξ).
(i) We have

Ordθ↓0 min
s∈R0(Ξ(θ);pk0 )

|t0 + T (θ)− s|(3.67)

× sub σ(P )(t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ))
≥ Ordθ↓0 hm−1(t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ))1/2,
Ordθ↓0 min

s∈R0(Ξ(θ);pk0 )
|t0 + T (θ)− s|(3.68)

× (∂τsub σ(P ))(t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ))
≥ Ordθ↓0 â

k0
2 (·)1/2

(= Ordθ↓0 hm−2(t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ))1/2),

where Ak0(t, ξ)is defined by (3.9) with k = k0 and (·) = (t0 + T (θ),Ξ(θ)).
(ii) Assume that τ0 ∈ R and (∂lτp

k0)(t0, τ0, ξ
0) = 0 (l = 0, 1, 2), and put

z0 = (t0, τ0, ξ
0). Then we have

Ordθ↓0 min
s∈R0(Ξ(θ);pk0 )

|t0 + T (θ)− s|2(3.69)

×Q(t0 + T (θ),−a1(·; z0)/3,Ξ(θ); z0)
≥ Ordθ↓0 hm−2(t0 + T (θ),−a1(·; z0)/3,Ξ(θ))1/2,

where (·; z0) = (t0 + T (θ),Ξ(θ); z0).
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Remark. (i) On the assumption that the factorization (2.3) is given near
t = 0, the lemma is stated. Therefore, if for t0 ∈ [0,∞) the factorization of
p(t, τ, ξ) is given in a neighborhood I of t0, the lemma is valid with [0, δ1/2]

replaced by a compact sub-interval of
◦
I. (ii) We note that p(t, τ, ξ; z0) =

pk0(t, τ, ξ) and a1(t, ξ; z
0) = ak01 (t, ξ) in the assertion (ii).

Proof. From (2.5) it follows that

sub σ(P )(·) = sub σ(P k0)(·)Π{k0}(·)(3.70)

+
∑

1≤k≤r, k ̸=k0

sub σ(P k)(·)pk0(·)Π{k0,k}(·) +O(hm−1(·)1/2).

where (·) = (t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ)). On the other hand, by (1.1)
we have

hm−1(t, τ, ξ) = h2(t, τ, ξ; p
k0)Π{k0}(t, τ, ξ)

2(3.71)

+ hm−4(t, τ, ξ; p/p
k0)pk0(t, τ, ξ)2,

Ordθ↓0 p
k(t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ)) = 0 if k ̸= k0,(3.72)

where hl(t, τ, ξ; p) = 0 if l < 0, and (·) = (t0 + T (θ),Ξ(θ)). Corollary 3.7,
(3.70) and (3.71) prove (3.67), since

Ordθ↓0 p
k0(t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ))2

> Ordθ↓0 h2(t0 + T (θ), Ak0(·)− ak01 (·)/3,Ξ(θ); pk0)

if 0 < Ordθ↓0 p
k0(t0 + T (θ), Ak0(·) − ak01 (·)/3,Ξ(θ)) < ∞, where (·) = (t0 +

T (θ),Ξ(θ)). It follows from (2.5) that

∂τsub σ(P )(t, τ, ξ) = ∂τsub σ(P
k0)(t, τ, ξ) · Π{k0}(t, τ, ξ)(3.73)

+ sub σ(P k0)(t, τ, ξ)∂τΠ{k0}(t, τ, ξ)

+
∑

1≤k≤r, k ̸=k0

{∂τpk0(t, τ, ξ) · sub σ(P k)(t, τ, ξ)Π{k0,k}(t, τ, ξ)

+ pk0(t, τ, ξ)∂τ (sub σ(t, τ, ξ)Π{k0,k}(t, τ, ξ))}

− i

2

∑
1≤k≤r, k ̸=k0

{∂τ{pk, pk0}(t, τ, ξ) · Π{k0,k}(t, τ, ξ)

+ {pk, pk0}(t, τ, ξ)∂τΠ{k0,k}(t, τ, ξ)}

− i

2

∑
1≤k<l≤r, k,l ̸=k0

{∂τpk0(t, τ, ξ) · {pk, pl}(t, τ, ξ)Π{k0,k,l}(t, τ, ξ)

+ pk0(t, τ, ξ)∂τ ({pk, pl}(t, τ, ξ)Π{k0,k,l}(t, τ, ξ))}.
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Corollary 3.7, (3.72) and (3.73) prove (3.68), since

|(∂µt ∂ντ pk0)(t, τ, ξ)| ≤ Ch3−l(t, τ, ξ; p
k0)1/2 if l = 1, 2 and µ+ ν = l,

hm−2(t, τ, ξ) = h1(t, τ, ξ; p
k0)Π{k0}(t, τ, ξ)

2

+ h2(t, τ, ξ; p
k0)hm−4(t, τ, ξ; p/p

k0) + hm−5(t, τ, ξ; p/p
k0)pk0(t, τ, ξ)2.

Next let us prove the assertion (ii). Corollary 3.7 yields

Ordθ↓0 min
s∈R0(Ξ(θ);pk0 )

|t0 + T (θ)− s|2sub2 σ(P k0)(·) ≥ Ordθ↓0 h1(·; pk0)1/2,

where (· = (t0 + T (θ),−ak01 (t0 + T (θ),Ξ(θ))/3,Ξ(θ). The repetition of the
above argument and (2.26) prove the assertion (ii).

3.3. The double characteristic factors

Fix j and k0 so that 1 ≤ j ≤ N0, 1 ≤ k0 ≤ r(j) and m(j, k0) = 2. In this
subsection we omit the subscript j and the superscript j in the same manner
as in §3.1. We also omit the superscript k0 until Lemma 3.14. Write

p(t, τ, ξ) (= pj,k0(t, τ, ξ)) = τ 2 + a1(t, ξ)τ + a2(t, ξ),

p̂(t, τ, ξ) = p(t, τ − a1(t, ξ)/2, ξ) = τ 2 − â2(t, ξ),

P (t, τ, ξ) = p(t, τ, ξ) + q0(t, τ, ξ) + q1(t, τ, ξ),

where q0(t, τ, ξ) is positively homogeneous of degree 1 in (τ, ξ) for |ξ| ≥ 1 and

â2(t, ξ) = a1(t, ξ)
2/4− a2(t, ξ) (≥ 0),

q0(t, τ, ξ) ≡ b0(t, ξ)τ + b1(t, ξ) ∈ S1,0
1,0 ([0, δ1]× ((Γ ∪ (−Γ)) \ {0})),

q1(t, τ, ξ) ≡ c0(t, ξ)τ + c1(t, ξ) ∈ S1,−1
cl ([0, δ1]× ((Γ ∪ (−Γ)) \ {0})).

Here we assume that P (t, τ, ξ) (= P k0(t, τ, ξ)) is defined for ξ ∈ (−Γ) \ {0}
as stated in §3.1. We also write

q̂0(t, τ, ξ) = q0(t, τ − a1(t, ξ)/2, ξ) = b0(t, ξ)τ + b̂1(t, ξ),

b̂1(t, ξ) = b1(t, ξ)− a1(t, ξ)b0(t, ξ)/2.

Note that

h1(t, τ − a1(t, ξ)/2, ξ; p) = h1(t, τ, ξ; p̂) = 2τ 2 + 2â2(t, ξ).

Let t0 ∈ [0, δ1/2], ξ
0 ∈ Γ∩Sn−1 and θ0 > 0, and let T (θ),Ξl(θ) ∈ C∞((0, θ0])∩

C([0, θ0]) ( 1 ≤ l ≤ n) be real-valued functions satisfying the condition (T,Ξ).
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(I) The case where â2(t,Ξ(θ)) ̸≡ 0 in (t, θ).
Applying the Weierstrass preparation theorem, we can write

â2(t0 + t,Ξ(θ)) = θl0d(t, θ)

n0∏
i=1

(t− ti(θ)), d(t, θ) ̸= 0

for (t, θ) ∈ [−δ0, δ0] × [0, θ0], where 0 < δ0 ≤ δ1 − t0 and ti(θ) ≡ ti(θ; t0,Ξ).
The ti(θ) can be expanded into convergent Puiseux series of θ in [0, θ0], with
a modification of θ0 if necessary. Note that

R0(Ξ(θ)) ⊃ {(t0 +Re ti(θ))+; 1 ≤ i ≤ n0} (≡ R0(Ξ(θ); p)) (θ ∈ (0, θ0]).

(II) The case where â2(t,Ξ(θ)) ≡ 0 in (t, θ).
We have p̂(t, τ,Ξ(θ)) = τ 2, and put

R0(Ξ(θ); p) = ∅ (⊂ R0(Ξ(θ))), n0 = 0 and l0 = ∞.

Now we define

µ̂ (≡ µ̂(t0, ξ
0, T,Ξ)) = (Ordθ↓0 â2(t0 + T (θ),Ξ(θ)))/2,

µ1 (≡ µ1(t0, ξ
0, T,Ξ))

= Ordθ↓0 min
s∈R0(Ξ(θ);p)

|t0 + T (θ)− s|α(t0 + T (θ),Ξ(θ)),

δ (≡ δ(t0, ξ
0, T,Ξ)) = Ordθ↓0 min

s∈R0(Ξ(θ);p)
|t0 + T (θ)− s|

(= max
1≤i≤n0

Ordθ↓0 |t0 + T (θ)− (t0 +Re ti(θ))+|),

where
α(t, ξ) = b̂1(t, ξ) + i∂ta1(t, ξ)/2

and δ = 0 in the case (II).

Proposition 3.12. If

(3.74) µ1 < µ̂,

then the Cauchy problem (CP) is not C∞ well-posed or (CP) does not have
finite propagation property.

Corollary 3.13. Assume that the Cauchy problem (CP) is C∞ well-
posed and has finite propagation property. Let (t0, ξ

0) ∈ [0, δ1/2]×(Γ∩Sn−1).
Then we have

µ̂(t0, ξ
0, T,Ξ) ≤ µ1(t0, ξ

0, T,Ξ)

if T (θ) and Ξ(θ) satisfy the condition (T,Ξ).
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In the rest of this subsection we shall prove Proposition 3.12. Assume
that (3.74) is satisfied. Then we have δ ≤ µ1 <∞ and 0 < µ̂ (≤ ∞). There
is c0 > 0 such that

min
1≤i≤n0

|t0 + T (θ)− (t0 +Re ti(θ))+| ≥ c0θ
δ for θ ∈ [0, θ0].

In the case (II) we may take c0 = 1 since n0 = 0. For v ∈ R we define Tv(θ)
by (3.49). In the case (I) we have

â2(t0 + Tv(θ),Ξ(θ)) = θ2µ̂(d(v) + o(1)) as θ ↓ 0,

where d(v) ̸≡ 0 is a polynomial of v with real coefficients. It is obvious that

d(v) > 0 for v ∈ [−c0/2, c0/2],
â2(t0 + Tv(θ),Ξ(θ))

1/2 = θµ̂(
√
d(v) + o(1))

uniformly in v ∈ [−c0/2, c0/2] as θ ↓ 0.

Noting that α(t,Ξ(θ)) ̸≡ 0 in (t, θ), we write

α(t0 + Tv(θ),Ξ(θ)) = θµ̃1−δ(d1(v) + o(1)) as θ ↓ 0,

where µ̃1 ∈ Q and d1(v) ( ̸≡ 0) is a polynomial of v. There are v0 ∈
(c0/4, c0/2) and s0 > 0 such that I0 ≡ [v0 − s0, v0 + s0] ⊂ [c0/4, c0/2] and

d1(v) ̸= 0 for v ∈ I0.

We replace T (θ) by Tv0(θ). We note that δ = µ̃1 = 0 and c0 = 1 if µ̂ = ∞.
Then we can assume that I0 = [−s0, s0], µ1 = µ̃1 and µ1 < µ̂. Similarly, we
make an asymptotic change of variables as (3.50), where δ′ ∈ (0, 1), κ > 0
and δ′κ < 1. Let K be a compact neighborhood of (t0, 0) in R × Rn, and
choose ρ0 > 0 so that (3.52) is satisfied. Define

Pρ(s, σ, η) = P (t(s; ρ), ρδκσ, ρ1−δ
′κη),

and put

Φ(s, y; ρ) = −ρ1−δκ
∫ s

0

a1(t(u; ρ),Ξ(ρ
−κ)) du/2 + ρδ

′κy · Ξ(ρ−κ),

E(s, y; ρ, ε, ν0, φ) = exp[iεΦ(s, y; ρ) + iρν0φ(s; ρ)],

where φ(s; ρ) (∈ C∞([−s0, s0]) for ρ ≥ ρ0) satisfies

|∂lsφ(s; ρ)| ≤ Cl for l ∈ Z+ and (s; ρ−1) ∈ [−s0, s0]× (0, ρ−1
0 ],
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ε = ±1 and ν0 > 0. A simple calculation yields

P̃ (s,Ds; ρ,E)u(s) ≡ E(s, y; ρ, ν0, φ)
−1Pρ(s,Ds, Dy)(E(s, y; ρ, ν0, φ)u(s))

= E(s, 0; ρ, ν0, φ)
−1P (t(s; ρ), ρδκDs, ερΞ(ρ

−κ))(E(s, 0; ρ, ν0, φ)u(s))

= [ρ2δκ+2ν0(∂sφ(s; ρ))
2 + ερ1−µ1κ+δκ(ρµ1−δκα(·)) + 2ρ2δκ+ν0(∂sφ)Ds + ρ2δκD2

s

− ρ2−2µ̂κ(ρ2µ̂κâ2(·))− iρ2δκ+ν0(∂2sφ) + ρδκ+ν0b0(·)(∂sφ+ ρ−ν0Ds)

+ c0(t(s; ρ), ερΞ(ρ
−κ)))(−ερa1(·)/2 + ρδκ+ν0∂sφ+ ρδκDs)

+ c1(t(s; ρ), ερΞ(ρ
−κ))]u(s),

where (·) = (t(s; ρ),Ξ(ρ−κ)). We choose

ν0 = (1− µ1κ− δκ)/2, κ = (δ +min{µ1 + 1, µ̂})−1.

Then we have

2δκ+ 2ν0 = 1− µ1κ+ δκ, 1− δκ = min{µ1 + 1, µ̂}κ,
ν0 = min{1, µ̂− µ1}κ/2 (> 0), ν0 ≤ 1/2,

2δκ+ 2ν0 − (2− 2µ̂κ) = 2ν0 − 2min{1 + µ1 − µ̂, 0}κ ≥ 2ν0.

Put

φ(s; ρ) =

∫ s

0

[−ε(ρµ1κ−δκα(t(u; ρ),Ξ(ρ−κ)))]1/2 du.

Here we have chosen φ(s; ρ) and ε = ±1 so that

Im[−ε(ρµ1κ−δκα(t(u; ρ),Ξ(ρ−κ)))]1/2 < 0.

Writing u(s; ρ−1) as (3.56), we obtain the following transport equations for
u(s; ρ−1):

{2(∂sφ(s; ρ))Ds − i(∂2sφ) + ρ−δκb0(·)(∂sφ)}uk(s; ρ−1)

+ {D2
s − ρ2min{1+µ1−µ̂,0}(ρ2µ̂κâ2(·)) + ρ−δκb0(·)Ds

+ ρ−2δκc0(· · · )(−ερa1(·)/2 + ρδκ+ν0∂sφ+ ρδκDs)

+ ρ−2δκc1(· · · )}uk−1(s; ρ
−1) ( k = 0, 1, 2, · · · ),

where (·) = (t(s; ρ),Ξ(ρ−κ)) and (· · · ) = (t(s; ρ), ερΞ(ρ−κ)). Note that, with
some Cµ > 0,

|(ρδκ∂s)µcl(t(s; ρ), ερΞ(ρ−κ))| ≤ Cµρ
l−1 ( l = 0, 1).

Therefore, applying the same argument as in §3.2 we can prove Proposition
3.12. The same argument as in the proof of Lemma 3.11 and Proposition
3.12 prove the following
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Lemma 3.14. Assume that 1 ≤ k0 ≤ r and m(k0) = 2, and that (CP) is
C∞ well-posed and finite propagation property. Let (t0, ξ

0) ∈ [0, δ1/2]× (Γ ∩
Sn−1), and let T (θ) and Ξ(θ) satisfy the condition (T,Ξ). Then we have

Ordθ↓0 min
s∈R0(Ξ(θ);pk0 )

|t0 + T (θ)− s|

× sub σ(P )(t0 + T (θ),−ak01 (t0 + T (θ),Ξ(θ))/2,Ξ(θ))

≥ Ordθ↓0 hm−1(t0 + T (θ),−ak01 (t0 + T (θ),Ξ(θ))/2,Ξ(θ))1/2.

3.4. Proof of Theorem 1.3

Let n = 2, and let (t0, ξ
0) ∈ (0,∞) × S1. Let a(t, ξ) and b(t, ξ) be

real analytic functions defined in a conic neighborhood C of (t0, ξ
0). We

assume that a(t0, ξ
0) = 0, a(t, ξ) ≥ 0, a(t, ξ) ̸≡ 0 in C and a(t, ξ) and b(t, ξ)

are positively homogeneous in ξ. Choose e ∈ S1, δ ≡ δ(t0, ξ
0) > 0 and

θ0 ≡ θ(t0, ξ
0) > 0 so that e⊥ξ0, and

{(t, Ξ̃0(θ)); (t0 − δ)+ ≤ t ≤ t0 + δ and |θ| ≤ θ0} ⊂ C,

where Ξ̃0(θ) ≡ Ξ̃0(θ; ξ0, e) = (ξ0 + θe)/|ξ0 + θe|. We write

a0(t, θ) = a(t, Ξ̃0(θ)), b0(t, θ) = b(t, Ξ̃0(θ)).

Then we have

a0(t, θ) =
∞∑
k=l0

a0k(t)θ
k, a0l0(t) ̸≡ 0,

where l0 ∈ Z+. By the Weierstrass preparation theorem there are r0 ∈ Z+, a
real analytic function c0(t, θ) defined in [0, θ0], real-valued continous functions
τ 0k (θ) and σ0

k(θ) ( 1 ≤ k ≤ r0) defined in [0, θ0] such that c0(t, θ) > 0,
τ 0k (0) = σ0

k(0) = 0 ( 1 ≤ k ≤ r0), the τ
0
k (θ) and σ

0
k(θ) can be expanded into

convergent Puiseux series in [0, θ0],

τ 01 (θ) ≤ τ 02 (θ) ≤ · · · ≤ τ 0r0(θ), σ0
k(θ) ≥ 0 ( 1 ≤ k ≤ r0)

a0(t, θ) = θl0c0(t, θ)

r0∏
k=1

{(t− t0 − τ 0k (θ))
2 + σ0

k(θ)} ( θ ∈ [0, θ0]),

with a modification of θ0 if necessary, where a0(t, θ) = θl0c0(t, θ) if r0 = 0.
Define

d0(t, θ) =

θ
l0

r0∑
k=1

∏
l ̸=k

{(t− t0 − τ 0l (θ))
2 + σ0

l (θ)} if r0 > 1,

θl0 if r0 ≤ 1,

(3.75)
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R(θ; a0) =

{
{t0 + τ 0k (θ) + i

√
σ0
k(θ); 1 ≤ k ≤ r0} if r0 ≥ 1,

∅ if r0 = 0.

Lemma 3.15. There is C > 0 such that

C−1 min
λ∈R(θ;a0)

|t− λ|
√
d0(t, θ) ≤

√
a0(t, θ)

≤ C min
λ∈R(θ;a0)

|t− λ|
√
d0(t, θ)

for t ∈ [(t0 − δ)+, t0 + δ] and θ ∈ [0, θ0], with modifications of δ and θ0 if
necessary, where minλ∈R(θ;a0) |t− λ| = 1 if r0 = 0.

Proof. When r0 = 0, the lemma is trivial. Assume that r0 ≥ 1, and fix
(t, θ) ∈ [(t0 − δ)+, t0 + δ]× [0, θ0]. We choose ν0 ∈ N so that 1 ≤ ν0 ≤ r0 and

min
λ∈R(θ;a0)

|t− λ|2 = (t− t0 − τ 0ν0(θ))
2 + σ0

ν0
(θ).

Then we have

min
λ∈R(θ;a0)

|t− λ|2d0(t, θ) = ((t− t0 − τ 0ν0(θ))
2 + σ0

ν0
(θ))d0(t, θ)

≤ r0a
0(t, θ) ≤ r0 min

λ∈R(θ;a0)
|t− λ|2d0(t, θ).

Let 1 ≤ k ≤ r0. Suppose that b0(t, θ) ̸≡ 0 in (t, θ). We note that
t0 + τ 0k (θ) ≥ 0 if 0 < θ ≪ 1, since t0 > 0. Applying the same argument as in
§2 of [10], we can write

b0(t0 + τ 0k (θ) + t, θ) ∼
∞∑
l=0

βk,l(t)θ
νk+l/L, βk,0(t) ̸≡ 0,

where L ∈ N and νk ∈ Q. We define the Newton polygon Γhb0,k of thb0(t0 +

τ 0k (θ) + t, θ) for h = 0, 1, 2 by

Γhb0,k = ch
[ ∪
l≥0, µk,l<∞

({(νk + l/L, h+ µk.l)}+ [0,∞)2)
]
,

where
µk,l = Ordt↓0 βk,l(t)

and ch[A] denotes the convex hull of A. If b0(t, θ) ≡ 0 in (t, θ), we define
Γhb0,k = ∅ ( see, also, §§2 and 5 of [10]). We also denote by Γa0,k the Newton

polygon of a0(t0 + τ 0k (θ) + t, θ).
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Lemma 3.16 (Lemma 2.2 of [10]). Fix h ∈ {0, 1, 2}. The following two
conditions (i) and (ii) are equivalent:

(i) If T (θ) is a real valued continuous function defined in [0, θ0], T (θ) ∈
C∞((0, θ0]), T (0) = 0, t0 + T (θ) > 0 for θ ∈ (0, θ0] and T (θ) can be
expanded into a formal Puiseux series, then

Ordθ↓0{ min
1≤k≤r0

|T (θ)− τ 0k (θ)|h|b0(t0 + T (θ), θ)|}

≥ Ordθ↓0
√
a0(t0 + T (θ), θ).

(ii) 2Γhb0,k ⊂ Γa0,k ( 1 ≤ k ≤ r0) ( see, also, Lemma 3.3 of [12]).

Lemma 3.17. Fix h ∈ {0, 1, 2, }. Assume that

2Γhb0,k ⊂ Γa0,k ( 1 ≤ k ≤ r0).

Then there is C > 0 such that

min
1≤k≤r0

|t− (t0 + τ 0k (θ))|h|b0(t, θ)| ≤ C
√
a0(t, θ)

for t ∈ [(t0 − δ)+, t0 + δ] and θ ∈ [0, θ0],

with modifications of δ and θ0 if necessary.

We proved Lemma 3.17 with h = 1 in §5 of [10]. Lemma 3.17 with h = 0, 2
can be proved by the same arguments as in §5 of [10].

We assume that the Cauchy problem (CP) is C∞ well-posed and has finite
propagation property. We factorize p(t, τ, ξ) as (2.3):

p(t, τ, ξ) =

r(j)∏
k=1

pj,k(t, τ, ξ) for (t, τ, ξ) ∈ [0, δ1]×R× (Γj ∩ Sn−1)

( 1 ≤ j ≤ N0). Fix j so that 1 ≤ j ≤ N0. Assume that 1 ≤ k0 ≤ r(j) and
m(j, k0) = 3. Until the end of this subsection we omit the subscript j and the
superscript j in the same manner as in §3.1. Now assume that âk02 (t, ξ) ̸≡ 0
in (t, ξ). It follows from (3.11), (3.47), Corollary 3.7 and Lemmas 3.16 and
3.17 that (3.6) and (2.19) with R(ξ) replaced by R0(ξ) hold for k = k0.

Lemma 3.18. Let (t0, ξ
0) ∈ (0, δ1/2)× (Γ ∩ Sn−1), and let T (θ) ∈ C∞((0,

θ0]) ∩ C([0, θ0]) be a real-valued function satisfying the following:

T (0) = 0, t0 + T (θ) > 0 for θ ∈ [0, θ0] and

T (θ) can be expanded into a formal Puiseux series.
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Then we have

Ordθ↓0{ min
s∈R0(Ξ̃0;pk0 )

|t0 + T (θ)− s|(3.76)

× sub σ(P k0)(t0 + T (θ), (âk03 (·)/2)1/3 − ak01 (·)/3, Ξ̃0(θ))â
k0
2 (·)}

≥ Ordθ↓0(D
k0
3 (·)âk02 (·))1/2,

where (·) = (t0 + T (θ), Ξ̃0(θ)).

Proof. (3.42) yields

(âk02 (t, ξ)/3)h2(t, (â
k0
3 (t, ξ)/2)1/3, ξ; p̂k0)1/2 ≤ (Dk0

3 (t, ξ)(âk02 (t, ξ)/3))1/2.

Therefore, the lemma easily follows from Corollary 3.7, (3.11) and (3.30) –
(3.32).

We may assume that Dk0
3 (t, ξ) ̸≡ 0 in (t, ξ). Indeed, if Dk0

3 (t, ξ) ≡
0 in (t, ξ), then Lemma 3.18 implies that sub σ(P k0)(t, (âk03 (t, ξ)/2)1/3 −
ak01 (t, ξ)/3, ξ) ≡ 0 in (t, ξ) and, therefore, (3.5) holds. Taking a0(t, θ) =

Dk0
3 (t, Ξ̃0(θ))â

k0
2 (t, Ξ̃0(θ)) in Lemma 3.15, Lemma 3.15 implies that (3.5) are

valid if and only if

|(âk02 (·)sub σ(P k0(t, (âk03 (·)/2)1/3 − ak01 (·)/3, Ξ̃0(θ))
2| ≤ d0(t, θ)

for each (t0, ξ
0) ∈ [0, δ1] × Sn−1 with Dk0

3 (t0, ξ
0) = 0 and (t, θ) ∈ [(t0 −

δ)+, t0 + δ]× [−θ0, θ0], where (·) = (t, Ξ̃0(θ)) and d
0(t, θ) is defined by (3.75),

since R(θ; a0) = R0(Ξ̃0(θ); p
k0). Choose L ∈ N so that τ 0l (s

L) + i
√
σ0
l (s

L)
(1 ≤ l ≤ r0) are real analytic in a neighborhood of s = 0. We put

d̃(t, s) = d0(t, sL), ã(t, s) = âk03 (t, Ξ̃0(s
L))/2

which are real analytic in (t, s). Moreover, d̃(t, s) is a polynomial of t. Note
that d̃(t, s) depends on (t0, ξ

0). It follows from Hironaka’s resolution theorem
that for each (t0, ξ

0) ∈ (0, δ1/2] × Sn−1 with Dk0
3 (t0, ξ

0) = 0 there are an
open neighborhood U(t0) of (t, s) = (t0, 0) in (0, δ1] × R, a real analytic

manifold Ũ(t0), a proper analytic mapping φ ≡ φ(t0) : Ũ(t0) ∋ ũ 7→ φ(ũ) (≡
φ(ũ; t0)) ∈ U(t0) satisfying the following:

(i) φ : Ũ(t0) \ Ã→ U(t0) \A is an isomorphism, where A = {(t, s) ∈ U(t0);

ã(t, s) = 0} and Ã = φ−1(A).

(ii) For each p ∈ Ũ(t0) there are local analytic coordinates X (≡ Xp) =
(X1, X2) (= (Xp

1 , X
p
2 )) centered at p, κ1, κ2 ∈ Z+, a neighborhood
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Ũ(t0; p) of p and a real analytic function e(X) in Ṽ (t0; p) such that

e(X) ̸= 0 in Ṽ (t0; p) and

ã(φ(ũ)) = e(X(ũ))X1(ũ)
κ1X2(ũ)

κ2 ( ũ ∈ Ũ(t0; p)),

where Ṽ (t0; p) = {X(ũ); ũ ∈ Ũ(t0; p)} ( see [1]).

Define φ̃ (≡ φ̃(t0; p)) : Ṽ (t0; p) → U(t0) by φ̃(X(ũ)) (≡ φ̃(Xp(ũ); t0, p)) =

φ(ũ) (≡ φ(ũ; t0)) for ũ ∈ Ũ(t0; p). Then we have

ã(φ̃(X)) = e(X)Xκ1
1 X

κ2
2 ( X ∈ Ṽ (t0; p)).

Putting Xl = X̃3
l ( l = 1, 2), we have

ã(φ0(X̃))1/3 = e(X̃3
1 , X̃

3
2 )

1/3X̃κ1
1 X̃

κ2
2 ( X̃ ∈ V 0(t0; p)),

where φ0(X̃) = φ̃(X̃3
1 , X̃

3
2 ) and V 0(t0; p) = {X̃ = (X̃1, X̃2); (X̃3

1 , X̃
3
2 ) ∈

Ṽ (t0; p)}. Put U(t0; p) = {φ(ũ); ũ ∈ Ũ(t0; p)}, ã0(X̃) = ã(φ0(X̃))1/3 and

φ0(X̃) = (t(X̃), s(X̃)). Then

min{ min
v∈R0(Ξ̃0(sL);pk0 )

|t− v|, 1}(3.77)

× |sub σ(P k0)(t, (âk03 (·)/2)1/3 − ak01 (·)/3, Ξ̃0(s
L))|

≤ Ch2(t, (â
k0
3 (·)/2)1/3, Ξ̃0(s

L); p̂k0)1/2 for (t, s) ∈ U(t0; p)

if and only if

(3.78) |B(X̃)2| ≤ Cd̃(t(X̃), s(X̃)) for X̃ ∈ V 0(t0; p),

where (·) = (t, Ξ̃0(s
L)) and

B(X̃) = âk02 (· · · )sub σ(P k0)(t(X̃), ã0(X̃)− ak01 (· · · ), Ξ̃0(s(X̃)L)),

(· · · ) = t(X̃), Ξ̃0(s(X̃)L)).

Note that d̃(t(X̃), s(X̃)) and B(X̃) are real analytic in V 0(t0; p). Let X̃(θ)
be real analytic near θ = 0. Then it follows from (3.76) that

Ordθ↓0 d̃(t(X̃(θ)), s(X̃(θ)))/2 ≤ Ordθ↓0B(X̃(θ)).

Lemmas 3.16 and 3.17 with b0(t0 + t, θ) = B(X̃), a0(t0 + t, θ) = d̃(t(X̃),

s(X̃)), (t, θ) = X̃ and h = 0 yield (3.78) and, then, (3.77). Let I be a
compact sub-interval of (0, δ1/2]. Applying compactness argument, we can
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prove that (3.5) holds with [0, δ1] and R(ξ) replaced by I and R0(ξ; p
k0),

respectively. Therefore, Lemma 3.2 shows that (3.4) holds with [0, δ1] and
R(ξ) replaced by I and R0(ξ), respectively. Next assume that âk02 (t, ξ) ≡ 0

in (t, ξ). Then (3.11) and (3.12) yield Dk0
3 (t, ξ) (≡ D̂k0(t, ξ)) ≡ 0 in (t, ξ).

Similarly, (3.4) and (2.19) hold with R(ξ) replaced by R0(ξ). Let 1 ≤ j ≤ N0

and 1 ≤ k0 ≤ r(j) satisfy m(j, k0) = 2. Applying Corollary 3.13 and the
same argument as before, we can prove that (3.33) with R(ξ) replaced by
R0(ξ) holds. Since (2.19) holds with R(ξ) and [0, δ1] replaced by R0(ξ) and
I, respectively, as proved above, Lemma 2.5 proves Theorem 1.3 with I ⊂
(0, δ1/2]. The interval (0, δ1/2] is determined by the factorization (2.3). So,
finally one can prove Theorem 1.3 ( with any compact interval I ⊂ (0,∞)).

3.5. Proof of Theorem 1.4

Assume that the hypotheses of Theorem 1.4 are fulfilled. Let 1 ≤ j ≤ N0,
and let (t0, ξ

0) ∈ [0, δ1/2] × (Γj ∩ Sn−1). We fix l = 1 or 2. Let h(t, ξ)
be defined in a semi-algebraic set U in Rn+1. Then we say that h(t, ξ) is
a semi-algebraic function if the graph of h(t, ξ) is a semi-algebraic set. Let
a(t, ξ) and b(t, ξ) be semi-algebraic functions defined in a conic neighborhood
of (t0, ξ

0). We assume that a(t, ξ) and b(t, ξ) are positively homogeneous in
ξ, a(t, ξ) ≥ 0 and a(t0, ξ

0) = 0. Choose δ̂ > 0 so that

Dδ̂ ≡ {(t, ξ); |t− t0|2 + |ξ − ξ0|2 ≤ δ̂2, |ξ| = 1 and t ≥ 0} ⊂ [0, δ1]× Γj.

We may assume that a(t, ξ) and b(t, ξ) are defined in Dδ̂. Then we say that
the condition (A-B)l is satisfied if

(A-B)l there are δ ∈ (0, δ̂] and C > 0 satisfying

min{ min
s∈R0(ξ)

|t− s|l, 1}|b(t, ξ)| ≤ C
√
a(t, ξ) for (t, ξ) ∈ Dδ.

Lemma 3.19. Assume that the condition (A-B)l is not satisfied. Then
there are θ0 > 0, Tl(θ),Ξ

l
k(θ) ∈ C∞((0, θ0]) ∩ C([0, θ0]) ( 1 ≤ k ≤ n) such

that Tl(θ) and Ξl(θ) (≡ (Ξl1(θ), · · · ,Ξln(θ))) satisfy the condition (T,Ξ) and

(3.79) Ordθ↓0min{ min
s∈R0(Ξl(θ))

|t0 + Tl(θ)− s|l, 1}|b(·)| < (Ordθ↓0 a(·))/2,

where (·) = (t0 + Tl(θ),Ξ
l(θ)).

Proof. Let δ ∈ (0, δ̂]. Define

A = {(t, ξ, y) ∈ Dδ ×R; y = a(t, ξ)},
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B = {(t, ξ, y) ∈ Dδ ×R; y = |b(t, ξ)|2},
Cl = {(t, ξ, y) ∈ Dδ ×R; y = min{ min

s∈R0(ξ)
|t− s|2l, 1}}.

It is obvious that A and B are semi-algebraic sets. Put

Ξ0 = {ξ ∈ Sn−1; |ξ − ξ0| ≤ δ and DM(s0, ξ) ̸= 0 for some s0 ∈ [0,∞)},
Ξk = {ξ ∈ Sn−1; |ξ − ξ0| ≤ δ, DM−k+1(s, ξ) = 0 for any s ∈ [0,∞) and

DM−k(s0, ξ) ̸= 0 for some s0 ∈ [0,∞)} ( 1 ≤ k ≤M).

Since the Dk(t, ξ) are semi-algebraic, the Ξk are semi-algebraic set, Ξµ∩Ξν =
∅ if µ ̸= ν, and

M∪
k=0

Ξk = {ξ ∈ Sn−1; |ξ − ξ0| ≤ δ}.

Choose δ′ ∈ (0, 1] so that

{t+ iτ ∈ C; t ∈ [−δ′, t0 + 2], τ ∈ R and |τ | ≤ δ′} ⊂ Ω,

where Ω is the complex neighborhood of [0,∞) as appears in §1. We define

Dk ={(t, ξ) ∈ R× Sn−1; ξ ∈ Ξk, DM−k(t1 + iτ, ξ) = 0, t1 ∈ [−δ′, t0 + 2],

τ ∈ [−δ′, δ′], t2 ≥ 0, t22 = t21 and t = (t1 + t2)/2} ( 0 ≤ k ≤M),

D =
M∪
k=0

Dk.

Note that DM = ∅. Then we have

Cl ={(t, ξ, y) ∈ Dδ; “(ŝ, ξ) ∈ D or ŝ = t− 1”,

|t− s|2 ≥ |t− ŝ|2 for any (s, ξ) ∈ D and y = |t− ŝ|2l}.

This shows that Cl is a semi-algebraic set. Put

Λl ={(ρ, t, ξ, λ) ∈ Rn+3; there are y, u, v, w ∈ R satisfying

(t, ξ, y) ∈ A, (t, ξ, u) ∈ B, (t, ξ, v) ∈ Cl, ρy = 1,

w((|t− t0|2 + |ξ − ξ0|2)ρuv + 1) = 1 and λ = ρuvw}.

Then Λl is semi-algebraic and

Λl ={(ρ, t, ξ, λ) ∈ R×Dδ ×R; ρa(t, ξ) = 1, and

λ = ρmin{ min
s∈R0(ξ)

|t− s|2l, 1}|b(t, ξ)|2
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× ((|t− t0|2 + |ξ − ξ0|2)ρmin{ min
s∈R0(ξ)

|t− s|2l, 1}|b(t, ξ)|2 + 1)−1}.

For ρ > 0 we define

K(ρ) = {(t, ξ) ∈ Dδ; ρa(t, ξ) = 1}.

Then K(ρ) is compact and there is ρ0 > 0 such that K(ρ) ̸= ∅ for ρ ≥ ρ0.
Indeed, we can take

ρ−1
0 = max{a(t, ξ); (t, ξ) ∈ Dδ},

since a(t0, ξ
0) = 0. This yields

{ρ ∈ R; (ρ, t, ξ, λ) ∈ Λl for some (t, ξ, λ) ∈ Rn+2} ⊃ {ρ; ρ ≥ ρ0}.

Therefore, we can define

(3.80) fl(ρ) = sup{λ; (ρ, t, ξ, λ) ∈ Λl for some (t, ξ) ∈ Rn+1} for ρ ≥ ρ0.

Note that

fl(ρ)

= max{
ρmin{mins∈R0(ξ) |t− s|2l, 1}|b(t, ξ)|2

((|t− t0|2 + |ξ − ξ0|2)ρmin{mins∈R0(ξ) |t− s|2l, 1}|b(t, ξ)|2 + 1)
;

(t, ξ) ∈ K(ρ)},

since K(ρ) is compact. It follows from Theorem A.2.8 of [3] that there are

continuous functions T̃l(ρ), Ξ̃
l(ρ) and λl(ρ) such that T̃l(ρ), Ξ̃

l(ρ) and λl(ρ)
can be expanded into convergent Puiseux series for ρ≫ 1 and

(3.81) (ρ, t0 + T̃l(ρ), Ξ̃
l(ρ), λl(ρ)) ∈ Λl, fl(ρ) = λl(ρ) (≥ 0)

( see, also, [7]). Since the condition(A-B)l does not hold, there is {(tk, ξk)} ⊂
Dδ satisfying (tk, ξ

k) → (t0, ξ
0) and

(3.82) min{ min
s∈R0(ξk)

|tk − s|l, 1}|b(tk, ξk)|/a(tk, ξk)1/2 → ∞ as k → ∞.

Put δk = (|tk− t0|2+ |ξk−ξ0|2)1/2 and ρk = a(tk, ξ
k)−1. Then we have δk → 0

and ρk → ∞ as k → ∞. (3.81), together with (3.80) and (3.82), gives

λl(ρk) ≥ ρkmin{ min
s∈R0(ξk)

|tk − s|2l, 1}|b(tk, ξk)|2

× (δ2kρkmin{ min
s∈R0(ξk)

|tk − s|2l, 1}|b(tk, ξk)|2 + 1)−1 → ∞ as k → ∞,

90



since δk → 0 and ρkmin{mins∈R0(ξk) |tk − s|2l, 1}|b(tk, ξk)|2 → ∞ as k → ∞.
So we have λl(ρ) → ∞ as ρ→ ∞, which implies that

min{ min
s∈R0(Ξ̃l(ρ))

|t0 + T̃l(ρ)− s|l, 1}

× |b(t0 + T̃l(ρ), Ξ̃
l(ρ))|a(t0 + T̃l(ρ), Ξ̃

l(ρ))−1/2 → ∞,

(T̃l(ρ), Ξ̃
l(ρ)) → (0, ξ0)

as ρ → ∞. There is L ∈ N such that Ξ̃l(ρL) is real analytic in ρ ( ≥ ρ
1/L
0 ).

We put Tl(θ) = T̃l(θ
−L) and Ξl(θ) = Ξ̃l(θ−L). Here, if t0+Tl(θ) ≡ 0, then we

replace Tl(θ) by Tl(θ) + θN , where N ≫ 1. We note that Ξlk(θ) ( 1 ≤ k ≤ n)

are real analytic in θ ∈ [0, θ0], where θ0 = ρ
−1/L
0 . Then we have (3.79).

First we assume that 1 ≤ k0 ≤ r(j) and m(j, k0) = 3. We take{
a(t, ξ) = hm−1(t, A

j,k0(t, ξ)− aj,k01 (t, ξ)/3, ξ),

b(t, ξ) = sub σ(P )(t, Aj,k0(t, ξ)− aj,k01 (t, ξ)/3, ξ)

and l = 1, where

Aj,k0(t, ξ) = νj,k0(t, ξ)(âj,k02 (t, ξ)/3)1/2,

νj,k0(t, ξ) =

{
1 if âj,k03 (t, ξ) ≥ 0,

−1 if âj,k03 (t, ξ) < 0

( see (3.9)). It is easy to see that the coefficients of the polynomial pj,k0(t, τ,
ξ) of τ are semi-algebraic. It follows from Lemma 3.19 that there are θ0 > 0,
T (θ),Ξk(θ) ∈ C∞((0, θ0]) ∩ C([0, θ0]) ( 1 ≤ k ≤ n) such that T (θ) and
Ξ(θ) (≡ (Ξ1(θ), · · · ,Ξn(θ))) satisfy the condition (T,Ξ) and

Ordθ↓0{min{ min
s∈R0(Ξ(θ))

|t0 + T (θ)− s|, 1}

× sub σ(P )(t0 + T (θ), Aj,k0(·)− aj,k01 (·)/3,Ξ(θ))}
< Ordθ↓0 hm−1(t0 + T (θ), Aj,k0(·)− aj,k01 (·)/3,Ξ(θ))1/2

if the condition (A-B)1 is not satisfied, where (·) = (t0 + T (θ),Ξ(θ)). There-
fore, Lemma 3.11 implies that the condition (A-B)1 is satisfied if the Cauchy
problem (CP) is C∞ well-posed and has finite propagation property. Next
we take

(3.83)

{
a(t, ξ) = âj,k02 (t, ξ),

b(t, ξ) = (∂τsub σ(P ))(t, A
j,k0(t, ξ)− aj,k01 (t, ξ)/3, ξ)
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and l = 1. Similarly, we can see that the condition (A-B)1 is satisfied if
a(t, ξ) and b(t, ξ) are given by (3.83) and (CP) is C∞ well-posed and has
finite propagation property. Let z0 = (t0, τ0, ξ

0) satisfy (∂µτ p)(z
0) = 0 (

µ = 0, 1, 2) and pk0(z0) = 0. We take

(3.84)

{
a(t, ξ) = hm−2(t,−a1(t, ξ; z0)/3, ξ),
b(t, ξ) = Q(t,−a1(t, ξ; z0)/3, ξ; z0)

and l = 2. It is easy to see that the coefficients of the polynomials p(t, τ, ξ; z0)
and Q(t, τ, ξ; z0) of τ are semi-algebraic. Similarly, we can see that the con-
dition (A-B)2 is satisfied if a(t, ξ) and b(t, ξ) are given by (3.84) and (CP) is
C∞ well-posed and has finite propagation property. This implies that (L-2)
for [0, δ1/2] is satisfied if (L-1) for [0, δ1/2] is satisfied. Now we assume that
1 ≤ k0 ≤ r(j) and m(j, k0) = 2. We take

(3.85)

{
a(t, ξ) = hm−1(t,−aj,k01 (t, ξ)/2, ξ),

b(t, ξ) = sub σ(P )(t,−aj,k01 (t, ξ)/2, ξ)

and l = 1. Repetition of the above argument and Lemma 3.14 shows that
the condition (A-B)1 is satisfied if a(t, ξ) and b(t, ξ) are given by (3.85)
and (CP) is C∞ well-posed and has finite propagation property. It follows
from the above results and Lemma 2.3 that (3.7), (3.8) and (3.34) hold for
(t, ξ) ∈ [0, δ1/2]× (Γj ∩ Sn−1), since

h2(t, A
j,k(t, ξ)− aj,k1 (t, ξ)/3, ξ; pj,k) ≈ hm−1(t, A

j,k(t, ξ)− aj,k1 (t, ξ)/3, ξ)

for (t, ξ) ∈ [0, δ1]× (Γj ∩ Sn−1) if 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 3,
and

2âj,k2 (t, ξ) (= h1(t,−aj,k1 (t, ξ)/2, ξ; pj,k)) ≈ hm−1(t,−aj,k1 (t, ξ)/2, ξ)

for (t, ξ) ∈ [0, δ1]× (Γj ∩ Sn−1) if 1 ≤ j ≤ N0, 1 ≤ k ≤ r(j) and m(j, k) = 2.
Therefore, Lemma 2.5 implies that (L-1) for [0, δ1/2] is satisfied, which proves
Theorem 1.4 with T = δ1/2. The interval [0, δ1/2] is determined by the
factorization (2.3). So, finally one can prove Theorem 1.4 ( with I = [0, T ]
for any T > 0).
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