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27.

(X,B,4) 000DDDDOOOOOOOO{A} C B, 322, 1u(A,) < +oo 0000
plimA,) =0, u(lim A¢) = w(X) 0OO0OO00000
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n e NOO —OOSCL1§Z)1§CL2§b2§Sanébngoo})DDDD me
g (Ui (a5, b)) = S0 (F(by) — Fla3)) ( —00 S a1 S by < a3 < - < by € 1y <
by <oo) 00O0O0O0DO00DO0D f(£o0) = limyse f(z) 000D

(1) my 0 F(Z;) 00000000000000000O0
(2) m; 0000000Ge A, € F(L1), ANA, =0 (j#k), U2, A, € F(Ty) O
000m (U2, A,) =3, mi(A,) 00000000000000 f(z) 000

OOie f(z)=lim, .40 f(y) (¢ €R)000000000000000000O
00000000000000000MO

Let X be an infinite set. Define m(A) = 0if A ( € P(X)) is finite, and m(A) = oo if
A (€ P(X)) is infinite. Prove that m is finitely additive but not completely additive.

Let 4 be a measure on a completely additive class B ( C P(X)). Prove that

pu(A) +pu(B) = (AU B)+pu(ANB) for A, B e B.

Let {u,} be a sequence of measures defined on the same completely additive class B
( C P(X)). Define Y >, p1, by (O pn)(A) = D", pn(A) for every A € B. Prove
that > 7 | u, is a measure.

Let X consist of a sequence {z,,}, and let {p,,} be a sequence of nonnegative numbers.
For any subset A of X, let u(A) =3, _,pm. Prove that ; is a o-finite measure.

Let (X, Bx, ptx) be a measure space, and let f : X — Y be a mapping of X into some
set Y. Let By be the collection of subsets A of Y such that f~!'(A4) € Bx. Define
py (A) = ux(f~1(A)) for A € By. Prove that (Y, By, uy) is a measure space.
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28. Let (Y, By, uy) be a measure space, and let f : X — Y be a mapping. Set By =
{f~1(B) € P(X); B € By}, and define ux(A) = inf{uy (B); B € By and A = f~!(B)}
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000
Ey C A, Ey C A° = I(Ey U By) = D(By) + I'(E,)
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0000000000AOI-0000000000000000AO [,-0000 I
00000000000000000
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googo
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0000000 O Lebesgue 0000000000000



17.

18.

19.

20.

21.

22.

23.

24.

25.

(1) T= (o, ] % x(an,B,]0R"000000000O
() e (F()) = | det Al (1) (= |det Al(By — 1) X -+ x (B — )

ooon

(b) flx) =", ,xj_1,cxj,Tjq1, - ,2,)0cA0D0D0 (xx%) D000

(C) f(l‘) = t(x17"' y Lj—1s Thy Ljq1y " 3 Tk—1, Ly Th41, " " ,l’n)Dj < kOO0
(xxx) 0000

(d) flx)="a1, - xjo1, 2+ T, Tjg1, -, x)0j AR OO0 (xx%x) 0000
() fODDDDODOODOD(x+%) 0000

(2) E(CR")YOOOOOpf(E)) =|detA|p*(F) 0000

(3) EeLR") (=M,u)= f(E)e LR
D0: D000E € LR 0000 f(E) € £(RY) 00 u(f(E)) = | det A u(E)
O00O00OD0 Lebesgue OO0 R*PO0OO00O0O0OOOOOODOODOOOODOOO
guoodooooooboboboboon

Define I'(()) =0, I'(E) = 1 if E € P(X) and E # (). Show that ' is an outer measure
on X, and determine the measurable sets.

Let X have a noncountable number of points. Set I'(F) = 0 if £ € P(X) and FE is
countable, I'(E) = 1 if £ € P(X) and E is noncountable. Show that I' is an outer
measure on X, and determine the measurable sets.

Prove that if an outer measure on X is finitely additive, then it is a measure.

X = {a,b,c} is a set consisting of exactly three distinct points a, b and c. T"is defined

by the relations T'(0) = 0, T'({a}) = T({b}) = T({c}) = 1, T’'{a,b}) = T({a,c}) = 2,
I'({b,c}) = a, T(X) = (. Find the condition that T' is an outer measure on X.
Moreover, find the condition that Mr = {0, {a}, {b, ¢}, X }.

Let (X, B, i) be a measure space. Prove that B = {E € P(X); EAA C B for some
A€ Band B € B with u(B) =0}, and that g(E) = u(A)if Ae B, Be B, u(B) =0
and EAA C B.

The Lebesgue measure of a countable set of points is zero.

Let f be a real-valued, monotone increasing function defined on R. Prove that the
Lebesgue-Stieltjes measure pp({x}) = 0 for every x € R if and only if f is continuous.

Let f be a continuous nonnegative function on [a,b], and set G = {(z,y) € R
a<x<b 0<y< f(x)} Prove that G € B(R?), and that u(G) = fabf(x) dx, where
i is the Lebesgue measure on R2.

Let 1 and p* be the Lebesgue measure and the Lebesgue outer measure on R, respec-
tively. Prove that p*(E) = inf{u(U); E C U € O} for every E C R, where O is the
class of all open subsets of R.
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26.

27.

IV.

Let £ € L(R) and 0 < pu(F) < oo. Prove that for any o with 0 < o < 1 there is an
open interval I such that u(EN1T) > au(I).

Hint: For an open subset U of R there is a disjoint sequence {I,,},—12.. of open

intervals whose union is U.

Suppose that £ € L(R) and u(EA(E + z)) = 0 for every = in a dense subset of R.
Prove that either p(E) = 0 or else pu(E°) = 0. Here p denotes the Lebesgue measure
and E+zx={r+yecR;yecE}.

Hint: (1) Assume that an open interval [ satisfies u(E N I) > au(l). Prove that
for any N € N there is an open subinterval I’ of I such that u(I') = p(I)/N and
WENT) > ap(l)

(2) Assume that p(E) > 0 and p(E£¢) > 0. Then there are two open intervals I and
J such that 2u(1)/3 < pu(J) < p(l), pW(ENT) > 3u(l)/4 and p(E°NJ) > 3u(J)/4.
Moreover, there is z( in the dense subset satisfying J C I + x.

(3) Show that u(E°NJ) < u((E°+4x0) N (L +x0)) = p(ENI) < p(l)/4.

goobobodo

XOooooooo
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000
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f0 B-000D0
<~ (i) f7Y(A)eBforVAe B(R) (ii) E(f=00),E(f=-x)€B
(0D 30)

f:E—-R ¢g:E—R(EcB)0BO00000000DDO0O0OOOG) ceRO
O00D0cf(x) 0 EOO0OOOOB-ODDDDDDODODODOe=0000 c¢f(z)=000
OO000G) |[f(@)|*(a€eR)0 EODDDODOOOB-O0000O0O0OO a<00000
flz)=000 20000 |f(2)]*=00000000 |f(2)]°=100000(i) f+g
O E—-({E(f=00)NE(g=—00)}U{E(f=—-00)NE({g=00)} 0000008
000000Gv) f-90 E—-({E(f =0)N(E(g=00)UE(g=—00))} U{(E(f =
)UE(f=-00))NE(g=0)}) 000000B-000000(v) max(f,g), min(f,g)
0O FO0ODO0O0 B-O00O0O0ODODO

flz)=fH2)—f(2) 0000 f(z) 0 B-000000000000OOOO0f, f-
0 B-00000000000000 f*=max(+£f(z),0) 0000

fi:E—-R(Ee€Bn=12---)0f 0 B-00000 Osup,s; fo(2)Oinf,>y fo(2)0
lim,, oo fo(z)0lim, . f(x) 0 B-000000000 f(x)=lim, .o fo(z) 0000
O00f0 B-OOODOOO
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EeBOOODOOE CE(j=12-- n0ENE=0(j+4k 000000
a €R(j=1,2,-- ,n)0a;#ax (j#k) DODO fz) =37 ajxe;(z) 00OD
0000000000000 00000000AC EDDOOOOxa(xr)=1(z€A),
=0(zeF-A) 0000y, 0 AODOOOODODOCODOO
EeBOf:E—-ROf(x)>0(z€E)0D0DOO
f0 BOD
= I ful@)tnoio.: BOOODOODO st.

0< filz) < fo) < fs(@) < -+ & f(2) =limpooe fu(z) (7 € E)
EeBOf:E—COOO0Of(z)=Re f(z)+ilm f(z) DOOO0DORe f: E — RO

Im f: F—-ROOOO

fO0BOO &L Re f,Im fO0 BOO

E € L(RY) (Lebesgue 0000)If: E—-RODODOO
fO Lebesgue 00 &5 f 0 £(RY)-0O
EcBRY) (BorelOO)Of: E—~ROOOO

fO Borel 0O &5 f0 BRY)-0DO

000f0 EOOD(0)00000O00000f0 Borel 00000 (O0020)0
(00000) (X,B,x) 000000FeBOf:E—RO BOO0OOO0DOOOO

(i) f(x)>0(zek)D0O000O

(1) f(x) 000000000000 f() = X", ajxs(@)0 E; C E, E; € B,
Oéj>0(j:1,2,"',n)DEjﬂEk:Q),Oéj%Oék(j%k)DDDD

[Efdﬂ = ;%’N(EJ)

(2) f(x) DOO0O0O00O0O0O003{fu(x)}nere.: BOOOOOOO st 0 <
filz) < fola) < fa(z) < - & fa) = lim, o fu(2) (7 € E)

DDDDD/fdu:: lim/fnduDDDDDD
E n—)OOE

(i) 00000 (f:E—>R)D/f+dum/f—duDDDDDDDDDDDDDD
E E

god
/Efdu:[Ef+du—/Ef—du

Oooobooobooooggfo EDDDDDDDDDDDD/fd,uDDDD
E
OooooDf0 PODOOOODOOOODODO
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e f:E—COBOO0OOOOOOCORe fOlm f0 EOC0OOCOOCOOOSO
EO0DO0ODOOOOOOOOO

/Efdu::/ERe fdu+z'/EIm fdu

. fDEDDDDD¢>UMJEDDDDD@ /umu<m¢>/fﬂm<m
E E

0000/ sa < [ 17
E E

ood

(1) fD EDDDDDDDDDDDfD EFOFE 000000000000
/fwz Jap+ [ fdu
E FE4 FEo>

(2) fO FLIOE,O00000D0DOO0OOOOOfO FOOODOODO
(3) fO FOODDDDODO0O0O0OaeR(oreC)0000 of 0 EODODODODOOO

/Eafdu:a/Efdu

(4) fOg0 EOODDOOOO0Of+¢0 EDDOOOO (DO00O00 f(z) = £ool
g(z) =Foo OO0 f(x)+g(x)=000000)0

Lu+wmuiéﬂm+égw

(5) fO0gO FODOOOOO f(:c)zg(:c)(er)DDDD/Efduz/Egdu

000000000 X,B,n) 000000 FeBOOODO

L0000 f(z) =37 axg@0(E CEOENE=0,0; #a, (j#k)) 0 B-00O
O0000000000000FE;,eB000000O00O0O

0. ROODODDDOOD f00 (0)0000000000f0 Borel DODODODO
ooooooo
FO 200000 €L ve>0,36>0st. o —a0| <6 = f(z) — fzg) <&

00 fO A(cRoooo0 &S 02e€eA0 fOODOO

3. f:E—-ROg:R—-ROOOfO B-O0O0OgO Borel 0ODODOOOO0D0DODO gof:
E—R:z—g(f(x))0 B-0ODDOOO

Hint: F = {A| ACRand f(A)eB}0DD000Z, CcFO0 FOODODOOOOOO
000000
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10.

11.

12.

13.

14.

foiE—-R(n=12---)0 B-0000000000000000 {z€ Bl 00O
{f,(x)}) 00000 }0BO0000000000000

X=ROOOOROOOOOOOOUOOD B-0O0000D0ODOOOODOODOOOB(R) C
pOoooooooog

(X,B,p) 0 (X,B,p) 00000000 f:F—RO B-00000000ORB-O00
00 g:E—ROD|g)| <|f()DpE(f#¢)=000000000000000
ooo0

Hint: 00 f0 B-000000000O00O0

(X,B,y) 0000000000 FeBOf:E—ROBOOOg: E—-ROOOO
D0 E(f#£9)eB00 uE(f#9)=00000¢0 B-0000000000O0O
EcLRMOf:E—-RODODOO

f O Lebesgue OO

< I € B(RY),3g: ' - R: Borel 00 s.t. ECE, u(E(f #g)) =0
O0000000p 0O Lebesgue 000000 u(E(f+#9) =00 E(f #g) € LRY)
00ooooooo0

w(E)<ooO00Of(z)(n=1,2,---)0 E00D0O0O0O0O0O0O0O0O0O0O0O0000C
BO000000000EOOOOOOOOODz0000 f(z)=Ilim, s folz) OO
D000000000000000 e>000000FCEDD wW(E—-F)<eOO
00 FepOOOoOoOOoOO{f,}0 f0 FOOO OO0O0O (EgorovOOO)0OOO
0oooo

X =RNOB =LRY)Ou: Lebesgue 100000000000 FOOOODOOODO
00000000000
ROODOOO0O0O0O0O0OOOOO0OBorel 00000000000

Hint: n = 1,2,--- 0000 fol) = f(k/27) ( (k—1)/2" < z < k/2", k € Z)
0000 f, 0000000/, O Boreel 00000000000 f 0000000
limy .00 fo(z) = f(z) 0000000000

ROODODOOOOOD BerelOOOOOOOODOODO

R OO R-O0000 Borel (Lebesgue) 00 00000000000000n=1,2,---
000000 [-n,n] OO Borel ( Lebesgue) 00000000 O0OOOOOOOO

X =RN¥OB = L(RY)O u: Lebesgue 000000 f: E— RO Lebesgue D000
0000000000000 e>000000wE-F)<e00 f(z)0 FOOO
000000000 FCEOOOOODDOODODO (Lusin O0O0)O
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

[E-R(EcLRY) 0000000 e>000000u(E-F)<eDOD f(z)
0O F,O0O0DDDODODD0DDDO F.CEOOOODOOOOOfO Lebesgue 0000
000000000000 RY OO Lebesgue 000000

Borel 0000 f O Lebesgue 0000 ¢ 00000 h(z) =g(f(z)) O Lebesgue O
gbobobuoodgobood

Hint: D00 0O0O0O0OOOOOOO pp72-73 0

f:E—-ROBOOO0DOOOOOOD f(z)>0(xek)000
[Efdu>0(:>u(E(f>0))>0

gooooooogd

B=P(X)0000 acX 00000 p{a})=10uX-{a})=00000000
DDDDDfUXeRDDDDD/Jﬂu:ﬂQDDDDDDDDD
X

p0 0000000 f(2)>0(zeX)0000 XO0OOOOO0O0O 00000
Dooooo

f+E—>CDO BO0O00O0DO0D0fO0 FODODOOODOOO
L/NAS/WW
E E

ooooooood

(0000000o0oo0)FEeBOO f:EFE—-ROOOO B-00000¢g: E—R
0 FOOODDOOOODO0O0OD0ODOODODOOOOf(z)g(x) D EDDODOOODOODODOO ¢
(infrep f(z) <c <sup,.p f(zx)) OODOODOO

/f|g|du26/|g|du
FE E
dodoooooogooodgdd

fO0O EO0OO0O00O0O0O0O0OE(f£0)000000O0DODOOOOOOOOOOOO
gbooooogn

f:E—-ROf(z)>0(ze k) 000000000
[ Fu=sup (S intoe, £@)(Ep)

00000000sup0 E=FE,U---UENOE; € BOE,NE,=0(j#k 0000
00 E00000D0D0000000O0D000000

Let f be a complex-valued function on E. Prove that f is B-measurable if and only if
f1(M) € B for any open set M in the complex plane.
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25.

26.

27.

28.

29.

30.

Let f : E — R be a B-measurable function, and define g(x) = 0 if f(x) is rational,
= 1if f(x) is irrational. Prove that g is B-measurable.

Let f: E — R be integrable on E. Prove:

(1) if / fdu > 0 for all measurable sets A C E, then f > 0 p-a.e.;
A

(2) if u(X) < oo and if / fdp < p(A) for all measurable sets A C E, then f <1
A
p-a.e.

Show that the function f(z) = sinx + cosx is not Lebesgue integrable on the real line.

sinx

Show that the function f(x) = is not Lebesgue integrable on the interval (1, 00).

Let {f.} be a sequence of measurable functions on X. Suppose that p(X) < oo and
that {f,.(z)} is a bounded set for almost every x. Prove that for any ¢ > 0 there exist
a positive number ¢ and a measurable set F' with u(X — F') < e such that |f,(z)] < ¢
forallz € Fandn=1,2,---.

Let {f.} be a sequence of real-valued measurable functions on X, and suppose that
(X)) < oo. Prove that there exist a positive constants A, such that { f,/\,} converges

to zero almost everywhere.

Hint: |f,(x)| <const. on a set E, with u(X — E,) <27

V. 00000 Fubini 000
(X,B,) 000000EeBOO0O00

(Lebesgue DO OOO00OO) f E—R: B-O00O (n=1,2,---)
0< fi(x) < folz) < -+, limy, oo fu(z) = f(2) (€ E) 0000

lim fnduz/fdu
E FE

n—oo

oooo

(Fatou 000) for E—R: B-00 (n=12,---)0f,(z)>0(xe€F)0000
[ i fodu< in [ gde
E n—oo n—oo J E

gooo
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e (Lebesgue 00 DO0O) fr E—R: B-OO (n=12,---)0g: E— ROg(x) >0
(r € BE)DD g(x)0 EODODOOOO |fu(z) <gl@) (z€E,n=12---)0000
f,0 lim £,0 lim f, 0000000

n—oo

tw [ fodpz [l fdp T [ pdp< [ T fada

n—oo J F n—oo

00000000 f(z) = lim fu(z) (z€ E) 0000000

n—oo

lim fndu:/fdu
E E
gogogg

e fz,t)0 € EOt€ (a,b) 0000000000000 ¢t€(a,b)0000 flat)D
¢ 000000 B-O000g: E—ROg(z)>0(2€E)00 g(x)0 E0ODODOO
000 |f(z,t)| <g(x) (z€E, t€(a,b) 000000000000 prae. z€E D
0000 f(z) = lim f(z,) 000000000

[ 1@ du= i [ st duto

t—a+
000000000000 f € (a,b) 000D lim f(z,t) = f(2,%) (prae v € B)
—10

DDDD/f@JMM@DtDDDDDDDDD
E

e f(z,t) 0 z€ EOte (o,b) 0000000000000 t€(a,b)0000 f(x,t)
0000000 FO0DDO00O0OO 2€FE00000f(z,¢)0¢t0000000
0000000 E00000000 gz 000000(0/08)f(x,t)]<glx)(z€E,

temﬁ»DDDDDDDDDDDDD/f@JMNDtDDDDDDDDDD

E
i/ﬂ mu>—/3ﬂtm<><m<w>
g [, [@ 0 dute) = | oS (@ t) dulx a,
ddoonon
° (X,Bx,ux)D(KBy,uy)D O'—D|:|DDDDDDDDZIXXYDBz(:Bx®By):
B(I)DDDDDDD I:{AXB;AEBX,BEBy}DDDDEEBZDDDD

MEM=ux®m4@)=/}WU%ﬂwXDDDDDDDu(=ux®mJDDDDDDD

X
00 E,={yeY;(z,y) € E}000 (00 FubiniD0DO00O0000000000)0
(Z,B,,;) 0000000000000000 (Z,Bz, i) (= (XXY,Bx®By, ixSpy))
0000000000000

e (Fubini) (00D0D0D0000) (i) f(2)=f(z,y) 0 200 B,-000000f(2)>0
(€2)000000000000000zeX 00000 f(z,y)0 yOOOODO
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2.

DBWDDDerDDDDDf@w)DxDDDDDDBxDDD/f@meﬂn
Y

DxDDDDBxDDD/f@wMWﬁﬁDyDDDDBwDDDDDDDDD
X

/wum/f@wwmn=/’/ﬂawwmwmum)

/duy /fxydux /f ) du(z
ddooon

(ii) f(z) = f(z,y) 0 ZODOOOO (orR-0)B,-000000 ZOOOOODO
00000000000 uxae. 2 € X 0000 f(z,y) 0 y0DOOOO0DO ( By-O
000)Y 000000000 pmy-ae.ycY OOODO f(z,y) 0 00000000

XDDDDDDDDDDb/ﬂawmwwﬂjxDDDDDXDDDDDDDD(D
Y

DD/f@meﬂDDDDDDDDxDDDDDDDDDDDDDODDDDDm
Y

/f(x,y)dux(x)DDDDDDDDDDDDD

X
[ duxte) [ s ant) = [ v [ s = [ e

gooogg

( Fubini) (X,By, ux), (Y,By,puy) 0 ¢c-000000000000(Z,Bz,p) 000
0000000000000000000 Fubini 00000000B, O BzOpu O
a0 “z e X7 0 “uy-ae. v € X’0*y €Y’ 0 “uy-ae.ycY? 0000000000
0ooo

f(z) = f(x,y) 0 Z0OODOODODOO (or R-O) B,-0000 (000 B,-000O
O000000000(X,Bx,ux)0(Y,By,uy) 00000000000)00000
[ duxta) [ 1@l diy )0 [ dux) [ 1f@laud@n [ 1#G)ae) (000

Y X

fDBTDDDDDDL/U@ﬂm@»DDDDDDDDDDDDDDDDDDDDD
Z
0000000 Fuhini 00000000 (00000)0

f:X—>ROBO0OOO0O0O00f(x)>0(2eX)000000000 EeBOO

DDDmEy:/fmmogy()g o) 00000vO (BO)ODODODOOO0O0ODO
E

0oo

1
im [ —2 gy —00000
n—oo Jg 1 + n2x3
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.00 [0,1)0000 f, O

£ (2) = {xa (0<az<1/n),

0 (z=0o0rz>1/n)

00000000000000 lim fo(z) = f(z) 0000

n—oo

lim fn dx—/f
OO0o00Doooooooooon

ROO Lebesgue 000000 f(f:R—R)O0000O

;

fl@) (lz[<n, [f(z)]<nD00O)
(lz] <n, flz) >n000)
-n  (|z|<n, flx) <—n0O00)
(

0 x| >n000)

\

DDDDD(n:Lzuqmmmmm

n

fn(x> =

lim h dx—/ f(z

n—o0

oboboboboo

.(00100000)00100,1)00000000000000000008 {f.}n=12,
000 z€1(0,1]0000 lim, . fp(x)=0000000000000000

, Vo1 fu(w) .
nh—{go/o x? + exp[fn(x)] du = 4

gooo
. (00 1OooOoDoO)oo0ODO nOOOO
folz)=(1+2°/n)™ (z€R)

googbbbbbon
(1) O fu(z) O (—o0,00) O Lebesgue 00O OOOO0O

2) lim/ fol)de =+ 0000

(00 1400000) f(x)0 ROODOODOOOOOO0O0OO
()00000 y0O0O00

lim sup |f(z —y/n) = f(z)] =0
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10.

11.

ggoodg
2) hmsupf/ e f(z — y/n) — f(z)|dy =0

gooo

3) fu / @ f) du (n=1,2,3,--)
\/_
DDDDDDfn(x)Df(x)DRDDDDDDDDDDDDDDDD/ e~ d = /7

—0o0

gbobobuoogobbooogbon

(0D 1200000) f(z) D000 [0,]] 00000000 Lebesgue 100000
O0A={ze€l0,1]| f(x) =0} 00 p 0O Lebesgue 0000000

! 1
lim ———dz = u(A
)y T pwy &=

gboooogooood

(0D 1100000) ROOODDOODOOODOO f(»yOODDOODODODOOOOO

tim - | e f(0) di = £(0)

DDD/ e_IQda::\/%DDDDDDD(DD 00000000000 000D0O0)

[e.e]

(00 1000000) f(»OD ROOODODOOOOOOODOODOOOOOOOO f'(x)
OROODOODOOOOO COeODOOO

¢
(1 + fa])

[f(2)] < (zeR)

DbOobodbOdde>0o0gnOg

I. = / e f () de, 0= v/—1

o0

gogbbbbbogoodgd
(1) IE:i/ e (2ze f(x) + f/(x)) da

[e.e]

(2) lim I. = z'/oo e f'(x) dx

e——+40 00

(00900000) (X,B,x)000000f(x)0000000000000000
00 zeX 0000 f(z)>00000000000 A,B,CeBO

A={ze X|0< f(x) <1}
Bo{reX|f)=1} C={reX|f)>1)
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12.

13.

14.

15.

16.

Oo0oooooooogno
[ ramtas) < o0
A
ogo ) .
lim — [ tan™{f(z)"}p(dz) = 5p(B) + p(C)

n—oo T

goobooooon

R*0O0 Lebesgue DO OOOO fOO0OO
o= [ e dn (6= (&) R

0000 (Fouder 00)0000x-¢=3 2;§, 000000000
f&)0 R"OO000O00OD0O00
f

H
(1
( (x) = (|x|>M)DDDDf(§)DC’OODDDDDDD

)
2)
E(t,z) == (2v/7t)Lexp[—22/(4t)] (z € R, t>0) 0000000000000 0

(1) /00 E(t,z)dx =1

—00

(2) fOROODOOOOOOOOOO

u(t,r) = /OO Et,x—vy)f(y)dy (zeR,t>0)

—00

goooo

9 0
Sultx) = s—u(tr)  (t>0)

0000 (u(te) 0 (,2)00000000000)0000 limu(t,s) = f(z) 00
000

pO R*O000 LebesgueDDDDDA,BEE(R”)DDDDDDDDD
[ nA= {2hy 0 B)do = w(a)(B)
000000000000000A-{z}={y—=z|yeA}0000

fOgO R™O Lebesgue 000000000000 OOOAMA(x) = f(:z:—y)g(y)dy

0 ae 000000000000 A(x DR”DLebesgueDDDDD

ha |d:v</!f )| de /rg )\ de)
Rn

0DO0oOoO0D0OooOo
O0000000f, g, h0 Fourier 1000000 f,¢, A000 (00 120)000
ODO00AE) =f(&§¢) 000000000
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17.

18.

19.

20.

21.

22.

23.

24.

T 0 A— o000

X

o A
/‘$MﬁxDDDRMMmDDDDDDDDD(m:/
1 1
0000D0)00Lebesgue 10000000000 000000D0

(1) Ec LR 0000000 e>000000 [ |ye(@) —g@)|d<eODOO
Rn
0000 ¢00000000000

(2) fO R" O Lebesgue 10 000000000000 e>000000 [ |f(z)—
Rn

g(z)|de <00 g(z)=0(|2|0000000)00000000 ¢0000000
0ooo

(3) fO RO Lebesgue 0000000
lim [ |f(z +y) = f(z)|dz =0
[y|—=0 JRn

gboooooaon

fo:E—-ROBOO (n=1,2,0¢p:FE—-RO B-0000 |f,(2)| < p(z) (7 € E,
n=12---)00 f(lx)=lim f,(z) (€ £) 0000000000000 p>00

ogo /go(x)pd,u(x)<ooDDDDDDDDDDDDD lim/|fn—f|pd,u:0D
E n— Jg
ooogooogg

Let pu(X) < oo, and let f(z,t) be a function of x € X, t € (a,b). Assume that for
each fixed t, f(x,t) is integrable, and that the partial derivative 0f(z,t)/0t exists and
is uniformly bounded for z € X, t € (a,b). Then, for each t € (a,b), df(x,t)/0t is

integrable, / f(z,t) du(z) is differentiable, and

& [ atynte) = [ w0 duta).
Prove this, applying the Lebesgue bounded convergence theorem.
Let f(x) be Lebesgue measurable on the real line, and let f(z) > 0 and /OO f(z)dr <
0
oo. Prove that the function g(t) = /00 e " f(xr)dr (0 <t < oo) is differentiable, and
0
g(t) = —/OO ve " f(r)dz.
0
Give an example where Fatou’s lemma holds with strict inequality.

If u(X) < oo and if { f,,} is a sequence of measurable functions that converges uniformly

to a function f, then f is integrable and lim /fn dp = /fdu.

Prove that B(R") @ B(R™) = B(R"t™).
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Prove that L(R") @ L(R™) # L(R"T™).

Prove that (R™ L(R")QL(R™), iy @pim) = (R™ ™ LR, tiy10n). where gy, de-
notes the Lebesgue measure on R¥.

Let f(x) and g(y) be integrable functions on X and Y, respectively. Then the function
h(z,y) = f(x)g(y) is integrable on X x Y, and

/hd(ux®uy) z/fdux/gduy-

f0 XO0D0DODOOOOD00OVe>0,36=d.>0st. “E B, u(E) <6 =
‘/fdu‘<s” 0ooo
E

fOR"0000D00D0000000000 yeROAe MmR) (:nxn000)
00 detA#400000 g(z) := f(Ar +y) O Lebesgue D0 OO0

/ g(x)dx = | det A|™! f(x)dx
Rn Rn

gbooooogaon

w(X)<ooDODOOOf, (n=1,2,---)0f0 XO0O0OO0O0O B-0000000000
00 {f,}0 fO0000000 (de Ve>000000lm, o p({z] |folz)— f(z)] >

5}):0)DDDDDDDDDDDD/Mdﬂ—ﬂ)(n—mx))DDDDDD
X1+|fn_f’
ooo

p(X) <ocoOODODO lim fo(z) = f(z) (prae. 2 e X)OOOO{f,} 0 fO0OO0DOO
gboooooogn

/ \fu—fldp—0(n—o0)={f,}) 0 fO0000000” 000000
X

{f}0 fO0D000O00D00O0O0O0O0O0O0DO {f,w}O fO000D0O0O0O0OO
gooboooobboboooon

{f})0 000000000 XO0OO0OOOO0[fu(z)] <) (ze€X,n=1,2---)
DDDDDDDD1im/|f—fn|du:ODDDD
’I’L*)OOX
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