Remarks on the composition formula for
classical pseudo-differential operators

Seiichiro Wakabayashi
1. Introduction

The composition formula was given §18.5 of Hormander [1] for classical
pseudo-differential operators whose symbols belong to symbol classes defined by
Hormander metrics anddimander weights. The formula was proved via results
of the Weyl calculus. However, there is a loss in doing so ( see Example 8 at the
end of§2). In this note we will give the composition formula for classical pseudo-
differential operators, applying directly the argument$18.4 of [1]. Another
aim of this note is to make the proofs{h8.4 of [1] clearly understandable.

Letgj ( ] = 1,2) be o temperate Riemannian metrics Rf". Then theg;
satisfy the following:

() Theg; are slowly varyingi.e, there are positive constart®;) andCo(g;)
(j=1,2) such that

1) gix+v(t) < Co(gj)gjx(t) foranyt € R™
if X,Y € R andgjx (Y) < c(gj).
(if) There areCy(g;) > 0 andN(gj) such that
gix (t) < Ca(gj)gjv (1) (L +gfx (X —Y)N@) for X,Y,t € R?",
where

g% (Y)= sup o(Y,t)?/gjx(t),
teR2M\ {0}

a((x,€),(v,n)) =€) —(x.n),

<y7f> = Z y]f] fory: (YL" : ;Yn) andf = (617"' En)
j=1

Let mj(X) ( j = 1,2) beo,g; temperate weights,e., letm;(X) ( j =1,2)
satisfy the following:



() The m;j(X) areg; continuous,i.e., there are positive constantém;) and
C(m;j) (j =1,2) such that
(2) C(my) ™t < mj(X+Y)/mj(X) < C(my)
if X,Y € R?" andgjx (Y) < c(my).
(i) There areCi(m;j) > 0 andN(m;) such that

m;j(X) < Ca(my)mj(Y)(1+ g% (X —Y))NM) for XY € R?".

Put
9= (01+9)/2.

Theng is slowly varying. We assume that the following conditions (A-1) — (A-3)
are satisfied:

(A-1) There areC(01,92) > 0 andN(g1,92) such that

C(01,92) 0% (1) (1 + g3y (X — Y))NOr82),
C(gl7 gZ)QgY (t)<l+ ggx (X —Y))N(ngZ) for X,Y,t c RZn_

97x (1)
92x (1)
(A-2) There areC > 0 andN such that

<
<

my(X) < Cmu(Y)(1+g8y (X =Y)N,
mp(X) <Cmp(Y)(1+g%, (X =Y)N  for XY € R?".

(A-3) There isc > 0 such that

gix(%, &) > caux(0,€), gax(x &) > cgx(x,0) for X, (x,&) € R?".

By (A-1) g is o temperate ( see Lemma 4 below). Moreover,itheareo,g
temperate (see Lemma 4 below). Define

m(x) = M (X)mp(X),  M(X,Y) =my(X)mp(Y),
Gixv)(St) = G1x(S) + g2y (1),
dox.y)(¥,€) = Gx.v)(0,€,Y,0) (= 91x(0,&) + g2v(¥,0))

for X,Y,st,(y,€) € R?. Thenm(X) is g,g temperate an is a slowly varying
metric onR*", i.e., there are positive constardgandCo such that

3) Co < Gixixevvy) < CoGxy)
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if X,Y,X1,Y; € R? andGx y)(X1,Y1) < co. We may assume that
co<c(m) (j=12).
Letaj(x,&) € S(mj,g) (j =1,2),i.e,

laylh= sup lajle (X)/mj(X) <o foranyk e Z, (= NU{0}),
XeR4N

where foru € C*(R?")

g x)= sup [uM(X;ty,-- |/rlgjx )42,

ty, - R

uM(Xity, - t) = (%/dsy -+ ASIU(X + Spty + - - - + Sctic) sy =--=s=0-

Note thatS(m;, g;) is a Freclet space with a family of semi-norm$- ||« }k=0,12.-
We also note that- |, Y is invariant under a linear change of coordinate systems in
R?" ( the choice of a basis &2"). Put

b(x,&) =a1(x,&)cax(x, &),

whereay (x, &) oax(x, &) = g(ai(x,D)ax(x,D)) anda(a(x,D)) = a(x,¢&). If a; €
S (R?) (j=1,2), then

(4) b(x,&) = (2m) " / e WMy (x, & +n)a(x+y, &) dydn
= 20Dy (ay(x, &)a(y,n))ly—x n—e-

whereA(Dg,Dy) = 31 Dy, Dg;, Dy, = —id/dyj andDg, = —id/d¢;. Indeed, if
X € C3(R") satisfiesy (0) = 1, then

[ fG.)7, 4 e x(ey)x(en))(5. ) dy
—/f y,n)e "% x(ey)x(en) dydn —>/f y,n))e %M dydy ase |0

for f € .7 (R2"), wheref (¥, ) denotes the Fourier transform bhndw [f(y,
n)](¥, 1) denotes the inverse Fourier transformfofOn the other hand We have

'92&,}7)[efuy’mX(SY)X(S'?)](V;’7) (2m) "W ase | 0,

Since there i€(x) > 0 such that

A

F(9.5) 70 [ Y x (ey)x (em)](5, )| < COx) I F(5.77)].
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Lebesgue’s convergence theorem gives

[ t(yn)dyan = (2m " [ 9D f(5.7)dyefi for f € 7 (B,

So we have the second equality of (4). Definenax2n matrix A by

_1/0 Iy
A=3(n 5):

wherel, denotes tha x n identity matrix. Noting that
J-:(5)
Alz) =2 ~ |
(62

gé(xy) (yvé) = SUpN <)A(/7(y7€)>2

we define

Falh

(Z sup (¥, ),(y,f))z) for X, Y, (y, &) € R,

Jo(x,Y) (£/23/2)<1

It is easy to see that

Bxy) €)= 490 xv) (%: &) (: 4 sup o((%:€),)%/gox.y) (U)-

teR21\ {0}

We assume that
(A-4) do(xx) < gg(x’x) for anyX € R?".
Put forl € Z, and(x,&) € R?"

(5) R(x, &) =b(x,&) - z al” (x, & )agp) (%, &)/,
la|<l

whereaggi(x,f) = ngEa(x,f). Then we have the following theorem which
corresponds to Theorem 18.4.11 in [1].

Theorem 1. Let{aj x}k=123.. ( ] = 1,2) be sequences ino°t¢R2”) such that
the {aj x}k=1.23... are bounded in @n;,g;) and g x — a; in C*(R?") as k— .
Then b= a; o ay is well-defined and belongs tdi8 g) and {aj ko az k}k=12... IS
a bounded subset of 8, g) and satisfies

ajkodpk — b inC°(R™M) as k— .
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Moreover, we have Rk, &) € S(mH, g) for | € Z, , where
Jo(x.x)(t)\ /2
h(X) = ( sup gA(—)>
ter2n {0} Jo(x x) (1)
and R is defined by5).

Remark.Let T: S(M,G) — S(m,g) be a linear map. We say thatis weakly
continuous if for any bounded subdbf SM, G) TB s bounded ir§(m,g) and
T|g: B— TBis continuous with respect ©” topologies ofB andT B. From the
proof of Theorem 1 the linear map

T: SM,G)NCY(R*") — S(m,g) :
u(x,§,y,n) — (exp(i(A(Dg, Dy))u)(x, &, x, &)

can be extended uniquely to the weakly continuous linear ﬁxaﬁ(M,G) —

S(m,g).

2. Proof of Theorem 1

Lete € (0,1), and put
P ={{(Xv,Yy)}vea CR*; AC Nand
Gxy vy) (Xv — Xu, Yo —Yyu) > cog /Co for v, € Awith v # i},

wherecy andCyp are the constants in (3} becomes a patrtially ordered set by the
set inclusion relation and every linearly ordered subse¥dfias an upper bound
in &. Using Zorn’s lemma we can prove the following

Lemma 2(Lemma 18.4.4in [1]) For anye € (0,1) there are{ (Xy,Yy)};_; C
R* and N € N such that

R = | JBY if coe <R,
v=1

Ne-+1
N B\F}j =0 ifR?<cpandl<vi< Vo< - < VUit
=1

where B = {(X,Y) € R*: Gx, v,) (X — Xv,Y —Yy) < R?} and g is the constant
in (3). Moreover, if g < R? < ¢p, then there ared,, ¢ CB°(B§) (veN)and
Cke >0 (ke Zy) satisfyingyy,_, Py =1and

|Dy|S(X,Y) <Cye for (X,Y) e R*andv € N.
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Note thatM(X,Y) is G continuous. Leu(X,Y) € S(M,G)NCg(R*). Put
uy = ®yu. Then we haver= 57 _;uy. Fix v € N, and put

K ={(X,Y) e R, Gix,.vy) (X, Y) < 1}.

By making a linear change of coordinate system®# ( a choice of a basis
of R?") we may assume thak x, v,)(%:¢) = ly|?+ |&|2. The assumption (A-3)
implies that

y?+1E2<1/c if (x,n) € R*and(x,£,y,n) € K.

Therefore, it follows from Sobolev’s lemma and Parseval’s formula that for each
k € Z, there areC,C’ > 0 such that

XRA(Dz. Dy) VX £.3:1) = 3 (ADg.y)) V(. €.y:n)/ 1!

1<

SC sup ”((D)h DE)GA<DE7DY)|(V>(X1'7'7'7)/k!||L2(R2n)

ae(Z)?,|al<n+1
g Vv, TV
<C'sup  sup  [(A(Dg,Dy) V)(x,-,-,m) ;" (v E /K
J<n+1(x&1yln)eK
forve CF(K) and(x,&,y,n) € R*", since

eW — zkwj/j!| < |wk/kl ifRew<0
1<

and the volume of (y,&) € R?"; (x,&,y,n) € K} is less than or equal tep,c™"
for each(x,n) € R?", wherec,, is a positive constant depending only am 3o,
under any choice of linear coordinate system&%A we have

(6) expiA(Dg, Dy))V(x, €.y, 1) — Ek(iA(Déa Dy))v(x.&,y,n)/]!

i<

<G sup sup |(A(Dg,Dy)AV)(x, -, )| (v, &%)
j<nH (vt £h)

fork e Z, andve Cy(K). LetR> 1, and Iet(i,é,y, i) € R*". First suppose that
(%,&,9,1) ¢ RK, whereK denotes the closure & in R*". Define

G'(B\X7Y)(X7€7y7r’): %Up <(27€7yuﬁ)7(xvfay7r’>>2
Jo(x.v)(€/2¥/2)<1

for (x,&),(y,n),X,Y € R?". By definition we have
G€X7Y)(X7fay7n):°° if (Xar’)#(oaO%
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Glxv)(0,€,¥.0) = goix v) (¥: &)-
Then there is > 0 satisfying
G(AXV7YV)()2_ X?é - E7y_y7f’ - r’) Z a2 for (X7 E;y7 r’) S RK7
sinceGy v, (X,Y) > 01if (X,Y) # 0. We put

B={(X,Y); Gy, v, (X,Y) = (X &9,)) < a?}.
It is obvious that
G/(A\XV,Y\/)((X7Y>_(vaayvrn)l/z
= G(Axu,vv)(f(—xf — &9y, —mY? =G, v, (X.Y) = (% £.9.A)Y2>0
if (X,
(%€,
) (RE.9,7), (& y.m)) < (% €.9.71), (R €.9.1) + (X.Y))

n
if (x,€,y,n) € RK, (X,Y) € R4 ande v (X.Y) < a. From the bipolar theo-
rem we have

8) ((%&,9.A),(x&,%,n)) < (%E9.7), (% E.9,7)) —aGorx, v, (£ /2,5/2)Y/2

if (x,&,y,n) € RK. Indeed, putting

Y) e Band(x,&,y,n) € RK. Therefore, we havRKN B = 0, and there is
¥,7) € R* such that

Bl = {(Xaéayarn € R4n; G'(A\XV7YV)(X767y7rI) S 1}a
B2 ={(x,&,y.n) € R*™; gox,v,)(§/2,y/2) <1},

we have
Bl = {(07 faya O) € R4n; gé(xva)(ya E) S 1}
andB; is a closed convex set and satisfies

@) B, — —B, and Oc B,.

whereB, denotes the interior d,. Define

={(%&,y,n) €R™M; [(x,&,y,n),(xL, €Lyt nt) <1
forany(x', &L ytnt) e Bj} (j=12).



Then we have

B; = {(O,E,% O) € R4n; (Sl';p)«ya E)? (yla El»z/gO(Xv,Yv)(51/27y1/2) < 1}
yl’ 1

= {(0,£,y,0) € R*; gf, v,y (%:€) < 1} =Br.

Similarly, we have

Bl = {(x.&,%,n) € R*, (s%p)«y,s), (V5 €D /Do, vy Y EY) < 1}
yl, 1

It is obvious thatB, C B]. Now suppose thaB; \ B, # 0. Then, by the Hahn-
Banach theorem ( the Mazur theorem) and (9) there(wte& ), (y1, €1) € R
such that0,&°,y°,0) € B; \ Bp (= (Bj)*\ B2) and

(¥%,89),y5EN) > sup ((v.€),(yL,EH) >0

(0.£.y.0)€B;
-1
PUttIng (y27 €2> = <SURO7E,y,O)eBz<(y7 E)v (y17 €1>>> (y17 El), we have(()? 527y27

0) € B;(=B;) and
1> (%89, (y%, &%) > 1

which leads to contradiction. So we haBg(= (B5)*) = B ( the bipolar theo-
rem),i.e.,

(10)  Gorx, ) (§/2,Y/2) = sup {(y.£),(y",€1))*/Goix, ) (V' €1):

(y,EL)
Therefore, we have
inf %,E.9,/1),(X,Y
G'E-\Xv,Yv)(X»Y)<a2 E y ’7) ( )>
— —asup((%,€,9.71). (X,Y))/Gly, v, (X, )2
(X.Y)
. ) 1/2
:bﬂ{wmafynwxv»ﬂz )XY}
(XY)
) 1/2
:_a{ Sup<( 5)( )> /goxva <y E)}
(y,E1)

= —aQO(xV,Yv)(g/Z,)N//Z)l/Z-
This, together with (7), gives (8). Put

(11)  L(EYy.n) = (&x—R) +(E,&E &)+ (Fy—9) +(f,n—A).
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Then we can see that

(12)  |L(O)/L(X,-,-, )™ (v, &) < KIR/(R— 1)<+
for (x,¢é,y,n) e Kandk € Z .

Indeed, it follows from (7) with(X,Y) = 0 and Lemma 18.4.5 in [1] that(x, &y,
n)+#0and

(13)  [LO)/LIE™Y) (x,&,y,n) <KR/(R—1L for (x,&,y,7) € RK.
On the other hand, we have
[£06 M (1,6) < [ £ (6.E,y.),
which proves (12). Since
[eXpliA(Xe, X)), (€,i0x, )] = (€, %) expliA(Xg, X))~ for (Xe,X,) € R?",

we have

[exp(iA(Dg, Dy)),L(x,€,y, )]V = expliA(Dg, Dy)) ((€,Dy) + (¥, D¢ )V,
where[T,Sv=T(SVY —STvV) and(f, Dy) =311 fj Dy,. So we have

exp(iA(Dg, Dy)) (L%, &Y, MV &Y, M) £ )= .6 9.9
= exp(iA(Dg,Dy))((€,Dy) + (§,Dg) V(% &, Y, Mlixeym=zé g

A

sinceL(x,&,y,1) = 0. Replacings by L-1lv, we have
(expIA(Dg,Dy)V) (%, €.
= exp(iA(Dg, Dy))((
Therefore, by induction we have

(14) <exp<iA(De»Dy>>v)<x§
= exp(iA(Dg, Dy)) (£,

for k € N. By (13) and induction okt we see that for any € Z, andk € N there
is Cj kr > 0 such that

(15) [(((€,Dy) +(F,De)IL(R, -, A) V)R-, AP (v, &)

9

y.1)

,Dy) + <y=D£>)|—(XaEaYa’7)_1V’(X7g7y7n):(>z7§,yﬁ)‘
y,1)
Dy) +(¥,D¢))L(X, &Y, ’7)_1)kV|(Xg’y,n):()z’é’y’ﬁ)



< Cikr( o, ) (€/2.9/2V2/IL(0 >|) SUp V(R )P (1, 8

for (y*, &%) € R,
(6) with k= 0, (14) and (15) yield, witlCy gr > O,

(16)  |(exp(iA(Dg,Dy))V)(%,€,Y,7)| < ckR<go<xv,yv>(5/2,9/2>1/2/|L<0>|>k

X sup  sup V(%) (Y &L
j<n+1+k(yl L)

for v e Cg (K). It follows from (8) with (x,&,y,n) = O that
IL(O)] = adox, v, (§/2.9/2)"/2,

smcego(x ¥,) = 0. Therefore, exchangln(g< E y,1n) with (x,&,y,n) and taking

a=inf gz o kGl ) (X— % & — €,y —9.1 —1)Y/2, from (16) we have

(A7) [exp(iA(Dg, Dy))v(x, &y, n)|

S Ck’R(l—’_(Ag lrlf) RKG'(A\XV./YV)(X_)’{vg - §7y_97r’ _f’))ik/z
L.E.9.0)e

X sup  sup V(% m) [ (Y, ED)
J<nt+1+k(yL EL)

forke Z,,R>1,ve C3(K) and(x,&,y,n) ¢ RK. We note that expA(Dg,Dy))
x V(x,&,y,n) =0 forve CF(K) if (x,£%,y",n) ¢ K for any (y*, &%) € R*" and
that |nf(xf yn)eRKG{* v X—%&—-&y-9y.n—-N)= i“f(x,é,y,n)eRKgé(xv,Yv)(y—

9.6 — &) < eif (x,&L,yL1) € RK for some(yL, £2) € B2\ If (x,&,y.1) € RK,
then by (6) withk = 0 (17) is also valid, since n’;{E 9.) eRKGf\xV YV)(x—>2,€ —

f,y y,n—n)=0for(x,&,y,n) € RK. Therefore, we have
(18) | (exp(iA(Dg, Dy))V) (X, &, X, &)

< Cer(1 inf A —v,§—n))”
< Ckr( +(x,n,3|/2)eRKgo(x"Y" (X y,é—n))

x sup suplv(x,-,&)[P* " (y.n)
J<n+1+K(y,n)

forke Z,,R>1,ve CJ(K) and(x,&) € R™",
Lemma 3. For X,Y, (y,&) € R?" we have

gé(X,Y) ¥, &) (= G'(A\X,Y)(Oa ¢,y,0) = 4gg(x7v) %3))

~ 4su DM sup IO 4. (,0) + 498y (0.5).
£2091x(0,¢) y;éogzv(y, 0)

k/2
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Proof. By definition we have

. (€.y) +(5:€))?
(19) Gixy)(0,€.y,0) = 48‘;'“91)((0 £)+gov(§,0)
Su<€y> (.£)?

£2091x (0, f) y;éo Q2v(¥,0)
S 4gfx (ya O) + 4ggY(07 E),

since ) 2 2
(2+b) ga—+— if a,b,c,d > 0andc+d > 0,
c+d c d

wherea /0= o for a > 0. Put

(€.y)? (9,€)2
B = >
?:c? 01x(0,&)’ iljg %2v(¥,0)

for a fixed(y, &) € R2". Then there i§y, &) € R?" such that

EV? L, 9.87
01x(0,&)’ g2y (¥,0)

From (19) we have

(uE.y) + (19,82
01x (0, ué) + g2y (Ay,0)
(udl/Zglx(o 5)1/2+/\=@1/292Y(y 0)1/2)

1201 x (0, ) + A2goy (¥,0)

G'(AXY (O,E,y70) Z 4

for A, > 0. Takingu = «7Y/2/g1x(0,&)Y2 andA = #Y2 /gy (9,0)1/2 we have
Gixv)(0,€,y,0) > 4(7 + ),

which glvesG (0 §,y,0) =4 + RB). O
We note that Lemma 3 and (A-3) yield

for X,Y,(y, &) e R,

11



Lemma 4 (Proposition 18.5.3 in [1])g is o temperate and i( j = 1,2) are
0,9 temperatd under the assumptior(®-1)—(A-3)). Moreover, G is uniformly
A temperate i\ = {(x,&,x,&); (x,&) € R?"}, i.e., G is slowly varying, and there
are C(G) > 0and N(G) such that

(21) Gixnye)X,Y) SCG)Gxe we) (X, Y) (14 Gy yis) (X —¥: € —n)NE

for (x,€),(y,n),X,Y € R™",

Proof. LetF; andF, be positive definite quadratic forms on the vector space
V (= R?"). Define the dual formg; (j = 1,2) on the dual spacé’ (= R?") by

- X, X)2 -
F/(X)= sup X, forX eV’
(%) xev\{oy Fi(X)

Then we can see that

(22) (FL+F) (X )= nf( F(X-D+F) (XeV).

Indeed, we can choose a basis\Wfso thatF;(X) is represented aB;(X) =
Z,Zilsz- Moreover, we can choose an orthonormal baslé eb that

2n 2n
=5 X, RX)=YaX (XeV),
L &
wherea; > 0. Then by the dual basis &f F](X X) andF;(X X) are represented as

F{(X z XZ, Fy(X Z a X,

2n
(F+FR)(X) = (L+a) X7 (XeV).
=1

On the other hand, we have

|nf (Fl —O)+F(D))

>
[\
>

= 5 nf (X =52 +a' ) = 5 (1+a) X7 (XeV).
2 e 2

This proves (22). Therefore, we have

(23) gx(Y) = inf 2(gix (Y —t)+0ax(t)) forX,Y e R?",
teR"
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First let us prove that there a@> 0 andN satisfying

(24) gjx (t) < Cgjy (1) (1+ gk (X =Y)"  (j=1,2),

which implies thag is o temperate. From (23) it follows that (24) is valid if and
only if, with someC’ > 0,

(24 gix(t) <Cgiy(®OMY, M =1+g7x(Y —to) +g3x (to—X)

for anyX,Y,t,tg € R?" andj = 1,2. Applying the bipolar theorem, we have
@%)7 =0gjx (j=1,2,XeR™) (see the proof of (10))

So (A-1) implies that

gix(t) < C(01,92)grv (t) (14 g8y (X —Y))NE82),
g2x () < C(01,92)G2v (1) (1+ gy (X —Y))Neue2)

for X,Y,t € R?". This gives

91x<t> < (g1, 82)0u1p (1) (1+ 08 0 — X)) M%)
C'(91,92) 911, ()M NG+ DN(G1.62)
) < C1(92) a1, (1) (14 08 (to — X))N®) < C1(g2) gty (YMNP,
G16(t) < Ca(91)1v (1) (1+ g, (Y —to))NE@,
G2t (t) < C(01,92) oy (1) (1+ 9y (Y — to)N(9:82)
< C'(01,02) Qv (1) (14 F;, (Y — to)) MO FDN@LG2)
(25) 1+ 07(Y ~to) < C(1.02)(1-+ GEx (Y — t0)) (1+ G (to — X))\
< C(gy, go)MN(G1.82)+1

O2x (t

for X,Y, to,t € R?", since theg; areo temperate and

(26) 1+gZ (to—X) < Ca(g)(1+gZx (to — X))@+ < Cy (go)MN(®)H,
27)  1+9% (Y —to) < Ci(g)(1+0F, (Y —to))NE@FL,

Therefore, we have

g1x(t) <C'(91,92)C1(01)C(01,92)N W gav (t)
x M(N(92)+N(92)+1)N(01.92)+N(G1)
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d2x (1) <C'(91,92)C1(g2)C(gn, gp) N TN G g, (1)
s« M(N(92)+1)(N(91,92)+1)N(91,92)+N(g2)

for X,Y,t € R?", which proves (24)and (24). It is obvious that then; areg
continuous. Let us repeat the same argument agifoorder to prove that the;
areo,g temperate. For this purpose it suffices to show that ther€are0 and
N; such that

m;j(X) <Cim;(Y)M™, M = 1+ gfy (Y —to) + g3x (to— X)
for anyX,Y,to € R? andj = 1,2. From (A-2) and (25) — (27) we have

My (to) <Ca(my)my(Y)(1+ g, (Y —to))N™)
<C1(m)C(01, gz)N(ml) ml(Y)MN(ml)(N@lvngl)

for X,Y,to € R?" and, therefore,
m]_(X) < Clml(Y)MNl.
Similarly, we have

mp(X) < Cp(mp)my(to) (14 g9y (to — X))N™) < Cy (mp) myp(to) MN(™)
Ma(to) < Cmy(Y)(1+ gy (Y —to))

< CC(g1)Nmp(Y) (1+gF, (Y — o)) NN@)+D

< CC1(g1)VC(g1, g2)N M@ Dmy(v)MN(N(@U T (N(GLG2) +1),

mp(X) < Cymp(Y)MM

for X,Y,tg € R?", which proves that then; are o,g temperate. Moreover, (24)
yields

(28)  1xn)(X) +Goy6)(Y)
< C(G1x6)(X) +G20x6) (V) (1490 ) (0.6 —n) +0 ) (x—y,0)"

for (x,n),(y,&),X,Y € R™". Put

M = 1490 ) (X— .0 +97,£(0.& —n).

Then we have
9&,7)(X—y, 0) < Cg&n)(x—y, O)(1+g&n)(x_y» 0)N < cMN+L,
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0 (0.6 =) <C, ) (0.6 —n)(1+5 ¢ (0,6 — )N <CMNL,

9o (0:€ =) <Cg, ) (0,€ —n) (1497, ) (XY, )N < CMN+D?,

06 (X—,0) C, ) (X—¥.0)(2+97, ) (0,6 —m)N <CMNTLY,
sinceg is o temperate. This, together with (20) and (28), gives, with sGme0,

2
Gixny) (X, Y) < CC g ) X, Y (L4 Gy gy (X — ¥, & = )N,

sincegy < Zgj’x. ThereforeG is uniformly A temperate ir\. O

2

LetR Rp € R satisfy 0O< R< Ry < cl/ and put

Uy = {(X,Y) €R™; Gy, v,)(X = Xv,Y —Yy) < Rg},
Uj = {(X,Y) € R™; Gy, v,) (X —Xu,Y = Yy) < co}.

Let us apply (18) toy = ®,u(= uy) with K, RandGy, v, replaced byBR, Ry/R
andGy, y,)/R?, respectively.

Lemma 5(Lemma 18.4.8 in [1]) There are G > 0 and N, satisfying
Y (1+dv(x,8)) MN<cy for (x, &) e R,
V=1

where

inf(xvrl%f)euv gé(x,r,./yg) (X_ \ E - rl)
dy(x, &) = if there is(y, nt) € R?" satisfying(x,n*,y*, &) € Uy,
o otherwise

Proof. Let us repeat the proof in [1] again. Lt ) € R?". We may assume
thatdox ¢ x¢) is the square of the Euclidean notmj of R?". Then (A-4) implies
that

|t|2 S gé(xfxf)“) (t € Rzn)‘
Letk € N, and put
Mk ={v eN; dy(x, &) <Kk}.

By definition, for everyv € My there is(9y, fy) € R?" satisfying(x, iy, 9y, &) €
U, and

gé(x,ﬁv.yv,f)(x_wa —fAv) <k
SinceG is uniformly A temperate i\, we have

Cal < QO(XV,YV)/QO(XJ"]v,Y/v,E) < Co,
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(29) go(x,ﬁv,vv,s)(t) < C(G)QO(X,E,X,E)(t)(1+ gé(x,ﬁv,yv,g)@_ Vv, & — flv))N(G)
< (2kNCIC(G)[t]? fort e R

Put, withcy > 0,
Vo ={(y,n) € R™, |(y—9v,n — Av)| < ik N©/2} forv e My

If (y,n) € Vy, then by (29) we have
oy gv.c) (Y —Iv, 1 — ly) < 2MC)C(G)c].

Choosec; > 0 so that H(©IC2C(G)E < (ci/?— Ry)2 Then we have

Gixy o) (X—Xus 1T — &y, y — Yo, & — 1) Y/2

< Gy, ) (X=X, v = &, 90 = Y0, & = 1v) Y2+ o, ) (Y= I, 11 = 1v)
< Ro+Cobo(x.g0.) (Y~ Iv: 11 — )2 < % if () €W,
whereX, = (Xy,&y) andY, = (yy, ny). This implies that
(30) Vo C{(y,n) €R* (x,n,y,&) €Uy},
Since
(B  Hwexs)® SCOB ey DA+ I ye) X% E =)V,

we have

1/2

[(X—=Yv, & — flv)|2 < QS(X@X?E)(X—)?V,E — )

< CG) L+ Gy, gu.c) (X~ I & = AV)NEHL < (2KNCHC(G),
So there i€ > 0 such that
(32) Vo € {(y,n) €R™; |(y—x,n — &)| < CkN©+1/2y

With € = 1/2 in Lemma 2 the number &f;, which can overlap is not greater than
N¢. Therefore, by (30) and (32) there are positive const@n& andc such that

Mk ™ < S pw) < Cu( U vv) < KNG+

veM veMy

where|M| denotes the number of the elementddpandu denotes the Lebesgue
measure iR?". PuttingN; = [2nN(G) +n] + 2, we have, with som&,C; > 0,

IMy| < CKW
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[oe]

S Qtd(x &) M< Y 1Ny ; (142N
kilVGMzk Mok-1

VEN vevip

< c(1+ kzlzkml—l) (1+ 2“)—“1) < c(1+ kzlle—k> <cy,

where|k| denotes the largest integerk. O
Since
dV<X75)SCOQQ(XWYV)(X_%é_n) If (X7n7y7E)EUV7
Co' < Gonye)/Goxve) <Co if (x,0,Y.€) € suppuy,
(18) yields, with some&y > 0,

(33) |(exp(iA(Dg, Dy))uy ) (X, &,%, &)| < Cp(1+dy(x,&)) /2
X sup supluy(x,-,-, &)[F"*9 (y.n)
j§2n+l+k(y,n)

fork € Z, and(x,&) € R?". It follows from (A-2) and (20) that

(34) my (X, n)ma(y, §)
< Cm(x,&)(1+ gg(x,g) (0,& —n)N(1+ gi’(x_,g) (x—y,0))
S C/m(X, E>(1+ gé()(’f’x’.f) (X_ Y, E - r’))ZNa
whereC’ > 0. From (31) and (34) there a@&> 0 andN’ such that
(35) M(Xa n7y7 E) S CfT(X, 6)(1+ gé(x7r,7y,f)(x_y’ E - ’7))N/

for (x,€),(y,n) € R?. Let(x,&) € R?", and chooséy,, fjy) € R?" so that(x, Ay,
Yv,&) €Uy and

(36) Ay (%, &) < Gy g0.6) X Ivs € — flv) < [dy (%, E)]+ 1,
Then, from (35) we have, witg’ > 0,
(37) M(Xanayaf) SC(ml)C(mz)M(X,,ﬁv,wa)

<C'm(x,&)(L+dv(x ENNif (., &) €Uy,
Therefore, from Lemma 5, (33) and (37) theré&js N satisfying

(o]

(38) S I(eXpiA(Dg, Dy))uy) (& x,€)|

v=1
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<Cm(x, &) sgkgIU(x,',-,E) P (y, ) /M(% 0.y, €).
j<
Let B = {vj}j—12.. be a bounded subset &M,G). Then the Ascoli-Arzel
theorem implies that; — vin C®(R*") asj — o andv € M, G) if vj(X,Y) —
V(X,Y) asj — oo for every(X,Y) € R, It is obvious that

(o]

expiA(Dg, Dy))uv)(x, &,y,1n) = Zlexp(iA(Dz>Dy))uv)(x,f,y,n)

for u € M, G) NCZ(R*"). Assume thatj € CJ(R*") andvj — vin C*(R").
Note thatv € S(M,G). Write v , = ®,v;j. By (38) withu, replaced by; , or its
proof, for any(x, &) € R?" ande > 0 there isvg € N such that

% (eXp(iA(DéaDy))Vj.,v)(ny,X,f)’ <€/3 (j=1,2-).

V=Vp

SinceD“vj — D% uniformly on Uzo:—lluv, from (33) there igp € N such that

vo—1

Zl(exp(iA(Dg,Dy))(va —Vj',v))(X,f,X,f)) <g/3 ifj,i' > jo,

which gives
|(exp(iA(Dg, Dy))vj) (%, €%, &) — (exp(iA(Dg, Dy))vjr) (%, €, %, & )| < €

if j,i' > jo. So, for(x,&) € R*" {(exp(iA(Dg,Dy))vj)(x, &, &)} j=12,.. con-
verges inC. Therefore, we can define

(exp(iA(Dg,Dy))V)(x,&,%,&) = J_Iimo(exp(iA(Df, Dy))Vvj)(x,&,%,&)

for (x,&) € R?". Recall thaB = {v;}j_12.. is a bounded subset &M, G), and
assume that € S(M,G) andv; — vin C*(R%") asj — c. We put

k
V= Y dwj (k=12--).
v=1

Then{V}j k=1.2... (C C5(R*")) is bounded ir§(M,G) and — v; in C™(R*")
ask — oo, Let (x,&) € R?"ande > 0. There iK € N satisfying

|(exp(iA(Dg, Dy))vj) (%, &%, &) — (eXp(iA(Dg, Dy) V) (x. &%, &)| < &/2
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fork> K andj € N. In particular,
|(exp(iA(Dg, Dy))Vvj) (X, &,X,&) — (exp(iA(DE,Dy))v})(x,f,x,f)] <E/2

for ] > K. Itis obvious that/j: — vin C*®(R*") asj — «. Therefore, we have
(equA(va Dy))V) (X7 5 » X E) = Jlmo(exmlA(Dfa Dy))V} ) (X7 vav E)a

which implies that for eacltx, &) € R?" there isjq € N satisfying
|(exp(iA(Dg, Dy))V) (X, &, %, &) — (exp(iA(Dg,Dy))Vvj) (X, &,%, &) <& if j > jo.
So we have the following

Theorem 6 (Theorem 18.4.10 in [1])For each(x, &) € R?" the linear form
Co (R > U (exp(iA(Dg,Dy))u)(x,€,x,&) € C can be extended uniquely to a
weakly continuous linear form, i.e.,

(exp(iA(Dg,Dy))vj)(x,&,%,&) — (exp(iA(Dg,Dy))V)(X,&,%, &) as j— oo

if {Vj}j—12..is bounded in 8V,G) and v — v in C*(R*") as j— . Moreover,
there are i € N and C> 0 such that

|(exp(iA(Dg, Dy))u)(x, &, x,§)[ <Cm(x,§)
x supsup|u(x,-,-,&)[°*"E (y,n) /M(x 0.y, ).
i<ko(y,n)
Here ky and C depend only on the constantgn, (2), (21) and(35).

Let (x,&) € R? andv € N. From (18) it follows that forp € Z, there is
Cp,Ro,R > 0 satisfying
(39)  [(Dxe:tr)- - (Dye,ti) (exp(iA(Dg, Dy))uy) (X, &, %, &)
= | exin(va Dy))<Dx,E,y.,r]a (t17t1)> T <Dx.,f,y,n= (tkatk)>uv|y:x,r]:£

<C 1 inf A _ _ —p/2
< Cp,Ro.R( +(X7n7lyr,]~f)€Ung(X"’Y")(X y,$—n))

X sup Sup’(<DX,E,y,l77 (t17t1)> T
J<n+1+p (y,n)

<Dx,£7y7r] ) (tkvtk»uV)(X’ BEE) E) |JgO(XV1YV> (ya r’)a

wherety,--- .t € R?. Let (yy,7y) € R?" satisfy (x, Ay, ¥y, &) € U, and (36).
Then by (21) we have

Gx,x) (t51) < CoGi iy 9y, (L 11)
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< CoC(G) Gy ) (1,1 (1+ B 3y g.6) (X — v & = Av)NE
< C(G)gue) () (1+dy(x,E)NC  (1=1,2,-- k),

whereC'(G) = 2N©+1CyC(G). So we have

g Vv, TV
’(<DX,E,y,n ) (tl,tl)> e <DX,E,y,I77 (tkvtk)>uv)(x> R E) jO(x Y )<y7 I’])
= Sup |(<Dy,5751> e <Dy,EaSj><Dx,E,y,na (t1,11))
s1,+,SjERZN
]
(Dyyns (o)) Uy ) (X1, Y, &) |_| 9o (Xy.Yy) (Su)
p=1

~1/2

k
<C/(G)¥/2 rlg(x,.f)(tl)l/z(l‘f‘ dy (x,&))N K2
=

X sup |(<Dy,EaSl> "'<Dy,575j><Dx.,£,y,na(tlatl»
Sl,m.,SjERZF'

- (Dy.g ys (B B)IU) (%, 1, Y, €)|

k j
X I_lG(XWYV)(tIatI)_l/z |_| gO(XV,Yv)(SH)_l/Z
|= u=1

. k
< (CoC'(G))M7Cy? I—lg(x,f)(tl)l/2<l+ dv (%, &N uy[F (%0, Y. E)-
=

This, together with (37) and (39), yields
(40) |(exp(iA(Dg, Dy))uv) (% €,%, €[
< CipRoR(G)M(X, &)(1+dy (x,§)) P2 NN

x sup suplw[§(xn,y,&)/M(x,n,Y,§),
J<n+14p+k (y,n)

whereCy p r,R > 0. Therefore, we have the following

Theorem 7 (Theorem 18.4.10n [1]). For any ke Z. there are ks € N and
Cx > O such that
|(exp(iA(Dg, Dy))u) (x,&,x, &)

< Cum(x, &) supsup|ulF(x,n,y,&)/M(x,n,y, &)
i<ko (y.n)

for uc S(M,G) and (x,&) € R?". Here k and C depend only on k and the con-
stants in(1) — (3), (21) and (35). Moreover, the linear map: (M,G) 5 U +—
(exp(iA(Dg,Dy))u)(x,€,%,&) € §(m,g) is weakly continuous.
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Define

t 1/2
H(X,Y) = { sup 90(x_v>()}/ (X.Y e R?).

teR2M\ {0} g0(x Y) (t)
Recall thath(X) = H (X, X) ( X € R?"). ThenH(X,Y) is G continuous and
H(%1,%,&) <CG)(X, &)1+ ye) X— ¥, € = )N
for (x,&),(y,n) € R?. Indeed, by (21) and (31) we have

C(G)go(xé xf)(t) A
H(x,n,y,£)>< sup ( +9 (x—y,€—n))
teR\ (0) C(G)- 198\)(5)(5 0(x,1n,y,€)
:C(G)Zh(x7€) <1+go(x7rl7y7f)(x_y>€_r’)) (G)

Letl € Z,, and put

2N(G)

(X, &;u) = %{ (exp(iA(Dg,Dy))uy) (X, &,%,&)

v=1

= 3 [(ADE,Dy) (. &y )y e/ 11

i
for ue S(M,G). Note thatR (x,§) = R(x,&;a1a), which is defined by (5).
Suppose thatx,&,x, &) ¢ U!,. Then we have
Joxo.Yy) X—¥, € —N) =Gx, v,) (0, —n,x—y,0) > (Cé/z —Ro)?>0,
(0<)e1=Cy(cg/® — Ro)? < Qo ye) (X~ ¥.& — 1)
<HOCN,Y: &) Uon y.e) X =€ —1)
C(G)*N(X, &) (14 Ty y.e) X— ¥, & —1))?NE T2

if (x,n,y,&) € U,. Therefore, we have

(41) 1< (C(G)/VB)h(x, &) (1+dy(x, §)NO /2,

noting thatd, (x, &) = o unless there igy!,n') € R?" satisfying(x,n*,y%, &) €
Uy. By (41) we have

(42) |<eXp(iA(DE= Dy))<D>_(,E,y,na (t17t1)> T <Dx,6,y,nv (tk;tk»uv (X7 ana ’7)
- Z(iA(De,DyD‘
I<

21



X <DX,f,y.,l77 (t17t1)> T <Dx,f,y7n ) (tk,tk))Uv (X7 E;y7 r’)/J ! |y:x,n:§
k
< Clkpror(GMX &) [] Ixe) (t) Y 2h(x, €)'
=1
« (l—|— dV(X E))—p/2+N’+N(G)(k/2+|)—H/Z

x sup  supluy[$(x,n.y.&)/M(x.n,y,€)
J<n+14-p+k (y,n)

forty,-- ,t € R?", applying the same argument as for (40), siiééD¢,Dy))!
X Uy(X,€,Y,N)ly—x n—¢ = 0. Next suppose thdk, &,x,&) € Uy,. It follows from
(6) that

(43) ’ equA(Df ) Dy)) <DXE AR (tl7tl)> T <DX,E,y.,r[7 (tk7tk)>uv (X7 EA/, r’)

_Z DE7Dy

<DX,E,y.,I77 (t17t1)> U <DX.,E,y7r]a (tkvtk»uv (X7 fayv r’)/] ! ’y:xn:f

<Ci sup sup |((IA(Dg,Dy)) (Dys - (tu,ta))
j<n+l(ylnl)

% x,
Dy s (o B)Y U ) (X, ) [P (1 8L,
Let (x, &Lyt &) € Uy. We can assume without loss of generality @tﬁkfl’ylf)

is equal to the square of Euclidean ndriof R?", i.e.,, gox 141 £)(X) = 3574 X?
Moreover, choosing an orthonormal basidRgf suitably, we may assume that

2n
Joxgtyte)(X) = Z X? forX e R,
4

2n
A(Dg,Dy) = 5 biDg..
=1

Then we have

b1
A= ,
bZn
2v2
gAxélylf Zb X7,
H(x,&Ly', &) = sup |bjl.
1<j<2n
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Therefore, we have

(44)  |((IA(Dg,Dy)) (Dy g v, (ta,ta))
L <Dx,€,y,r77 (tk7tk)>uv)(x, . E)l?o(x,fl.yl,f) (yl7 El)

k
S H (X7 El7y17 E)l |uV|]G+2|+|((X7 Elvyla E) |_| G(x’fl,ylf) (tll7tll)1/2‘
u=1

SinceH (Xa Elay]-? E) < COh(X7 E)’ G(X,El,yl,f)(tl»htﬂ) < ZCOQ(XE)(tIJ) andM(X7 Elv
yL &) <CM)m(x, &) if (x, &Ly, &) € Uy, from (43) and (44) we see that, with
someCj xr, R > 0,
| exp(iA(Dy, Dy))<Dx7_£,y7m (t1,t2)) - (Dy gy (tic: i) ) Uv (X, &, ¥, 1)
- Z(iA(DbDy))J
1<

X <Dx,5,y,n7(tl7tl)> e <Dx,5,y,na (tk7tk)>uv (Xf»y,r’)/j”y:x,n:{
k
< Gk Rro,RM(X.€) [T Ixe) (t) Y 2h(x, €)'
u=1

X ) SUp SUp‘Uv’?(Xa’%%E)/M(Xa”l»y,f)-
j<n+1+214k (y,n)

Therefore, for any, k € Z,. there are&kg € N andC, x > 0 such that

IR (-, u)[2(x, &) < C xm(x, &)h(x, &)'

x supsup|ulP(x,n,y,&)/M(x,n,y,&) forue M,G).
i<ko(y;n)

This, together with Theorem 7, proves Theorem 1.
ExavpLe8. Letpj € [0,1] andd; € [0,1) (] = 1,2) satisfyd, < p;1. Define
9j(xe) = (§)°2]dX?+ (&) "2|dg[> (j=1.2),
where(&) = (14 |&|2)¥/2. Then we have

O ) = ()P |dX? + (§) 22 |dE 2,

Jo(x.E x.6) = (£)2%|dX? 4 (&) ~2P1|dE |2,

Oixe) = (((£)%2+ (£)%2)|dX? + ((§) %1+ (&) ~22)|dEP) /2,
Be xg) = A(E)PH|dX?+ (8)22|dE?),

h(x, &) = (€)% P1/2.
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Theng;j ( j = 1,2) areo temperate Riemannian metrics and the assumptions (A-
1), (A-3) and (A-4) are satisfied. Letj € R ( j =1,2), and letaj € S“p]_jﬁj (=
S((§)Hi,9;)) (] =1,2). Then the assumption (A-2) with;(x,&) = (&)Hi is
satisfied. Theorem 1 implies that

ar(x,&)oaz(x &) - Z al” (x, &)y (%, &) /al € S‘Ff};“z_'(pl‘dz),
la]<l

wherep = min{p1, p2} andd = max{d, & }. On the other hand, Theorem 18.5.5
of [1] implies that

(an#) (%, €) - (—1)Pl2 =Bl (x,£)al) (%, &)/ (a1B!)

la|+|B|<I
1+H2—I min{p—&1,01—- 5}
€% ‘

If, for example,p2 = &1 and p; > &, then the classical calculus for pseudo-
differential operators is better than the Weyl calculus in some sense.
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