
Asymptotic expansions of the roots
of the equations of pseudo-polynomials

with a small parameter

Seiichiro Wakabayashi

April 24, 2008

In the studies of partial differential operators we frequently need to know
asymptotic expansions of the roots of the equations of pseudo-polynomials with a
small parameter. So we shall give a basic result on it here.

Let U be a non-void open subset ofRn, and letn( j) ∈ Z∪{∞} anda j(s,η) ∈
C∞((0,1)×U) ( 0≤ j ≤ m) satisfy the following:

(i) If n( j)< ∞, then there area j,k(η)∈A (U) ( k≥n( j)) such thata j,n( j)(η) ̸≡
0 and

(1) a j(s,η) ∼
∞

∑
k=n( j)

a j,k(η)sk in U ass↓ 0

Here (1) means that for any compact subsetK of U andN ∈ N ( ≡ {1,2,3, · · ·})
there isCK,N > 0 such that

∣∣∣a j(s,η)−
N−1+n( j)

∑
k=n( j)

a j,k(η)sk
∣∣∣ ≤CK,NsN+n( j) for s∈ (0,1/2] andη ∈ K,

whereA (U) denotes the set of all real analytic functions defined inU .
(ii) If n( j) = ∞, thena j(s,η) = O(s∞) in U ass ↓ 0, i.e., for any compact

subsetK of U andN ∈ N there isCK,N > 0 such that

|a j(s,η)| ≤CK,NsN for s∈ (0,1/2] andη ∈ K.

We note thata j(s,η) := a j(sη) ( 0 ≤ j ≤ m) satisfy the above ifU is star-
shaped with respect to the origin anda j(η) ∈ C∞(U) ( 0 ≤ j ≤ m). We assume
that

(A) n(m) < ∞.



Let

p(t,s,η) :=
m

∑
j=0

a j(s,η)t j ,

and putU ′ := {η ∈ U ; am,n(m)(η) ̸= 0}. Then for each compact subsetK of U ′

there areδK ∈ (0,1) andτ j(s,η) ( 1≤ j ≤ m) defined in(0,δK]×K such that

p(t,s,η) = am(s,η)
m

∏
j=1

(t − τ j(s,η)), am(s,η) ̸= 0

for s∈ (0,δK] andη ∈ K. Note that{τ j(s,η)} is uniquely determined as a multi-
valued function:(0,δK]×K ∋ (s,η) 7→ {τ j(s,η)} ∈P(C), whereP(C) denotes
the power set ofC.

Theorem. Rearranging{τ j(s,η)} if necessary, there are N0,L ∈ N, ϕ(k)(η)
∈ A (U(k−1)) ( 1≤ k≤ N0) with U(0) ≡U and U(k) ≡ {η ∈U(k−1); ϕ(k)(η) ̸= 0}
( 1≤ k≤ N0), r ∈ N with 1≤ r ≤ m, jµ ∈ N ( µ = 1,2, · · · , r −1) with (0 <) j1 <
j2 < · · · < jr−1 < m andµ(k, l) ∈ Z and τk,l (η) ∈ A (U(N0)) ( 1 ≤ k ≤ r and
l ∈Z+ ≡N∪{0}) such that U(1) ⊂U ′, ϕ(k)(η) ̸≡ 0, µ(k, l) < µ(k, l +1) ( l ∈Z+)
and

τ jk−1+i(s,η) ∼
∞

∑
l=0

τk,l (η)sµ(k,l)/L in U(N0) as s↓ 0

( 1≤ k≤ r and1≤ i ≤ jk− jk−1), where j0 = 0 and jr = m.

In the rest of this note we shall prove the theorem. In doing so, we need the
following

Lemma. Let bj(η) ∈ A (U) ( 0≤ j ≤ m). Assume that b0(η) ̸≡ 0, and put

q(t,η) := b0(η)tm+b1(η)tm−1 + · · ·+bm(η).

Then there isϕ(η) ∈ A (U) such thatϕ(η) ̸≡ 0 and b0(η) ̸= 0 and the multiplic-

ities of the roots of q(t,η) = 0 in t are constant forη ∈ Ũ, whereŨ := {η ∈U ;
ϕ(η) ̸= 0}. Moreover, there are r∈N with 1≤ r ≤ m,τk(η)∈A (Ũ) and mk ∈N
( 1≤ k≤ r) such that

q(t,η) = b0(η)
r

∏
k=1

(t − τk(η))mk for η ∈ Ũ ,

τ j(η) ̸= τk(η) for η ∈ Ũ if j ̸= k.

Proof. Note thatA (U) is an integral domain, and denote byK the quotient
field of A (U). We write

q(t,η) = c(η)q1(t,η)k1 · · ·qν(t,η)kν ,
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wherec(η) ∈ K , q j(t,η) ∈ K [t] ( 1≤ j ≤ ν), degt q j(t,η) ≥ 1 and theq j(t,η)
are mutually prime inK [t]. Put

Q(t,η) := q1(t,η) · · ·qν(t,η),

and denote byR(η) the discriminant of the equationQ(t,η) = 0 in t, i.e., the
resultant ofQ(t,η) and(∂Q/∂ t)(t,η) as polynomials oft. Then we haveR(η) ̸≡
0. SinceR(η) ∈ K , there isψ(η) ∈ A (U) such thatψ(η) ̸≡ 0 andψ(η)R(η) ∈
A (U). Puttingϕ(η) := ψ(η)R(η) we can prove the lemma, since the roots of
Q(t,η) = 0 in t are all simple ifη ∈U andR(η) ̸= 0.

(I) Put

Γ

j(0) j(1)
j(2)

j(r(0)) = m

Γ := ch
[ ∪

0≤ j≤m
n( j)<∞

{ j}× [n( j),∞)
]
,

where ch[A] denotes the convex hull
of A. Γ is the Newton polygon of
p(t,s,η) with respect to(t,s). Later
we shall also treat a slightly differ-
ent kind of Newton polygons. Let
( j(k),ν(k)) ( k = 0,1, · · · , r(0)) be the vertexes ofΓ arranged as follows;

0(= j(−1)) ≤ j(0) < j(1) < · · · < j(r(0)) = m.

Note thatν(k) = n( j(k)) ( 0≤ k≤ r(0)). We denote byl(0), l(1), · · · , l(r(0)+1)
the sides ofΓ, i.e., l(0) is the half-line connecting( j(0),∞) and( j(0),ν(0)), l(k)
is the segment connecting( j(k− 1),ν(k− 1)) and( j(k),ν(k)) ( 1 ≤ k ≤ r(0)),
and l(r(0) + 1) is the half-line connecting(m,ν(r(0))) and (m,∞). Denote by
−κ(k) the slope ofl(k) ( 1≤ k≤ r(0)) and putκ(0) = ∞ andκ(r(0)+1) = −∞.
Moreover, we define

pk(t,η) := ∑
( j,n( j))∈l(k)

a j,n( j)(η)t j− j(k−1) ( 1≤ k≤ r(0)),

ψ(0)(η) := ∏
0≤k≤r(0)

j(k)̸=0

a j(k),ν(k)(η) ( ̸≡ 0),

U ′
(1) := {η ∈U ; ψ(0)(η) ̸= 0}.

(i) (the casej(0) > 0) Rearranging{τ j(s,η)} if necessary, we have

(2) τ j(s,η) = O(s∞) in U ′
(1) ass↓ 0 ( 1≤ j ≤ j(0)),
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i.e., for any compact subsetK of U ′
(1) there areCK,N > 0 ( N ∈ N) such that

|τ j(s,η)| ≤CK,NsN for 1≤ j ≤ j(0), N ∈ N, s∈ (0,δK] andη ∈ K.

Indeed, chooseN ∈ N so thatN > κ(1), and put

g(X,s,η) := a j(0),ν(0)(η)X j(0),

fN(X,s,η) := s−N j(0)−ν(0)p(sNX,s,η).

Since minj(0)< j≤mN( j − j(0)) + n( j)− ν(0) > 0, for any compact subsetK of
U ′

(1) there isCK,N > 0 such that

| fN(X,s,η)−g(X,s,η)| ≤CK,Ns

if X ∈C, |X|= 1, 0< s≤ 1/2 andη ∈K. So there isδK,N > 0 such thatδK,N ≤ 1/2
and

| fN(X,s,η)−g(X,s,η)| < |g(X,s,η)|

if X ∈ C, |X| = 1, 0< s≤ δK,N andη ∈ K. Therefore, Rouch́e’s theorem implies
that there are exactlyj(0) roots ( counted with multiplicities) of the equation
p(sNX,s,η) = 0 with respect toX in the set{X ∈ C; |X|< 1} if 0 < s≤ δK,N and
η ∈ K. This proves (2).

(ii) Let 1 ≤ k ≤ r(0), and apply Lemma topk(t,η). Then there ares(k) ∈ N,

R(0)
k (η) ∈ A (U) andτ(0)

(k, j)(η) ∈ A (U(1)) andm(k, j) ∈ N ( 1 ≤ j ≤ s(k)) such
that

pk(t,η) = a j(k),ν(k)(η)
s(k)

∏
j=1

(t − τ(0)
(k, j)(η))m(k, j) in U(1),(3)

τ(0)
(k,i)(η) ̸= τ(0)

(k, j)(η) for η ∈U(1) if i ̸= j,

where

ϕ(1)(η) := ψ(0)(η)
r(0)

∏
µ=1

R(0)
µ (η),

U(1) := {η ∈U ; ϕ(1)(η) ̸= 0}.

Note that∑s(k)
j=1m(k, j) = j(k)− j(k−1).

(iii) Put
A1 := {(k, j) ∈ N2; 1≤ k≤ r(0), 1≤ j ≤ s(k)}.
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It is obvious that(1,1) ∈ A1 and j(0)+∑α∈A1
m(α) = m. Forα = (k, j) ∈ A1 we

put
κ(α) := κ(k), j(α) := j(k) and ν(α) := ν(k).

Moreover, we put

B(s,η) := {τ1(s,η), · · · ,τm(s,η)} ( counting multiplicities),

BM
0 (s;ε) :=

{
{λ ∈ C; |λ | < sκ(1)+Mε} if j(0) > 0,

/0 if j(0) = 0,

Bα(s,η ;ε) := {λ ∈ C; |sκ(α)τ(0)
α (η)−λ | < sκ(α)ε},

where(s,η)∈
∪

KbU ′(0,δK]×K, M ∈N, ε > 0 andα ∈ A1. Here, for two subsets
A andB of Rn Ab B means that the closureA of A is compact and included in the

interior
◦
B of B. Now we shall prove that the following proposition P(0) is valid:

P(0):

(1)0 For anyK b U(1) there areεK > 0 andsK > 0 such that the setsB1
0(s;εK)

andBα(s,η ;εK) ( α ∈ A1) are mutually disjoint forη ∈ K ands∈ (0,sK].

(2)0 For anyK b U(1), M ∈ N andε ∈ (0,εK] there issK,ε,M ∈ (0,sK] such that
BM

0 (s;ε) exactly containsj(0) elements ofB(s,η) ( counted with multiplic-
ities) andBα(s,η ;ε) exactly containsm(α) elements ofB(s,η) ( counted
with multiplicities) ( α ∈ A1) for η ∈ K ands∈ (0,sK,ε,M].

(3)0 j(0)+∑α∈A1
m(α) = m.

Let K b U(1). By the definition of{τ(0)
α (η)} we haveτ(0)

α (η) ̸= 0 for η ∈ K.
Sinceκ(1) > κ(2) > · · · > κ(r(0)), the assertion (1)0 of P(0) easily follows. In
(i) we proved the assertion (2)0 for BM

0 (s;ε). Let α = (k, j) ∈ A1, and define

f (X,s,η) := s−κ(α) j(α)−ν(α)p(sκ(α)(τ(0)
α (η)+X),s,η)

for (X,s,η) ∈ C× (0,1)×U(1). Then we have

f (X,s,η) = pk(τ
(0)
α (η)+X,η)(τ(0)

α (η)+X) j(k−1) +s1/L(1)qα(X,s,η),

whereL(1) is the smallest positive integer satisfyingL(1)κ(β ) ∈ Z ( β ∈ A1) and
qα(X,s,η) is a polynomial ofX of degreem whose coefficients are inC([0,1)×
U(1)). From (3) we have

pk(τ
(0)
α (η)+X,η) = a j(k),ν(k)(η)Xm(α) ∏

1≤µ≤s(k)
µ ̸= j

(X + τ(0)
α (η)− τ(0)

(k,µ)(η))m(k,µ).
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This gives

f (X,s,η) = g(X,η)+Xm(α)+1h(X,η)+s1/L(1)qα(X,s,η),

where

g(X,η) = a j(k),ν(k)(η)τ(0)
α (η) j(k−1)Xm(α) ∏

1≤µ≤s(k)
µ ̸= j

(τ(0)
α (η)− τ(0)

(k,µ)(η))m(k,µ)

andh(X,η) is a polynomial ofX of degree(m−m(α)−1) whose coefficients are
in C(U(1)). Therefore, there isε0 > 0 such that for anyε ∈ (0,ε0] there isδK,ε > 0
satisfying

| f (X,s,η)−g(X,s,η)| < |g(X,s,η)|

if X ∈ C, |X| = ε, 0 < s≤ δK,ε andη ∈ K. It follows from Rouch́e’s theorem

that the equationp(sκ(α)(τ(0)
α (η)+ X),s,η) = 0 in X has justm(α) roots inside

{X ∈ C; |X| < ε} ( counted with multiplicities). Define

pα(t,s,η) := s−κ(α) j(α)−ν(α)p(sκ(α)(τ(0)
α (η)+ t),s,η)(= f (t,s,η)).

Let us repeat the same argument, replacingp(t,s,η) with pα(t,s,η) and so on.

(II) Let 1 ≤ µ ≤ N, and assume thatj(αµ−1;0) ∈ Z+ andκ(αµ−1;1) > 0 for
αµ−1 ∈ Aµ−1, Aµ ( ⊂ N2µ ), U(µ) ( ⊂ U(µ−1)), j(αµ) ∈ Z+, ν(αµ) ∈ Z+ and

κ(αµ) > 0 for αµ ∈ Aµ , L(µ) ∈ N, ταµ−1
α (η) ∈ A (U(µ)) andm(αµ−1,α) ∈ N

for (αµ−1,α) ∈ Aµ are determined so thatj(αµ−1;0) = j(0), κ(αµ−1;1) = κ(1)
andταµ−1

α (η) = τ(0)
α (η) andm(αµ−1,α) = m(α) for α ∈ A1 whenµ = 1, L(µ) is

divisible byL(µ −1), L(µ)κ(αµ)/L(µ −1) ∈ Z for αµ ∈ Aµ and the proposition
P(µ −1) below is valid, whereL(0) = 1. Put

BM
αµ−1,0(s,η ;ε) :=


{λ ∈ C;

∣∣∣∑µ−1
ν=1 sκ̃(αν )ταν−1

α(ν) (η)−λ
∣∣∣

< sκ̃(αµ−1)+(κ(αµ−1;1)+M)/L(µ−1)ε}
if j(αµ−1;0) > 0,

/0 if j(αµ−1;0) = 0,

for µ > 1, αµ = (α(1),α(2), · · · ,α(µ)) ∈ Aµ , M ∈ N, s> 0, η ∈ U(µ) andε > 0,

whereαν = (α(1), · · · ,α(ν)) ( 1≤ ν ≤ µ) andκ̃(αµ) = ∑µ
ν=1κ(αν)/L(ν −1) for

αµ = (α(1), · · · ,α(µ)) ∈ Aµ . Forµ = 1 we putBM
αµ−1,0

(s,η ;ε) = BM
0 (s;ε). Define

Bαµ (s,η ;ε) := {λ ∈ C;
∣∣∣ µ

∑
ν=1

sκ̃(αν )ταν−1

α(ν) (η)−λ
∣∣∣ < sκ̃(αµ )ε}
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for αµ = (α(1), · · · ,α(µ)) ∈ Aµ . We assume that the following proposition P(µ −
1) is valid:

P(µ −1):

(1)µ−1 For anyK bU(µ) there areεK > 0 andsK > 0 such that the setsB1
αν ,0(s,η ;

εK) andBαµ (s,η ;εK) ( αµ = (α(1), · · · ,α(µ)) ∈ Aµ , 1≤ ν ≤ µ andαν =
(α(1), · · · ,α(ν))) are mutually disjoint forη ∈ K ands∈ (0,sK].

(2)µ−1 For anyK b U(µ), M ∈ N andε ∈ (0,εK] there issK,ε,M ∈ (0,sK] such
thatBM

αν ,0(s,η ;ε) exactly containsj(αν ;0) elements ofB(s,η) ( counted
with multiplicities) andBαµ (s,η ;ε) exactly containsm(αµ) elements of
B(s,η) ( counted with multiplicities) forη ∈ K ands∈ (0,sK,ε,M], where
αµ = (α(1), · · · ,α(µ)) ∈ Aµ , 0≤ ν ≤ µ −1 andαν = (α(1), · · · ,α(ν)).

(3)µ−1 j(0)+∑α∈A1
j(α;0)+ · · ·+∑αµ−1∈Aµ−1

j(αµ−1;0)+∑αµ∈Aµ m(αµ) = m.

For αN = (α(1), · · · ,α(N)) ∈ AN we define

pαN(t,s,η) := s−σ(αN)p
( N

∑
µ=1

sκ̃(αµ )ταµ−1

α(µ) (η)+sκ̃(αN)t,s,η
)
,

whereαµ = (α(1), · · · ,α(µ)) ∈ Aµ ( 1≤ µ ≤ N−1) and

σ(αN) :=
N

∑
µ=1

(κ(αµ) j(αµ)+ν(αµ))/L(µ −1).

Write

pαN(t,s,η) =
m

∑
j=0

aαN
j (s,η)t j .

Then there aren(αN; j) ∈ Z+ ∪ {∞} andaαN
j,k(η) ∈ A (U(N)) ( 0 ≤ j ≤ m, k ≥

n(αN; j)) such thataαN
j,n(αN; j)(η) ̸≡ 0 and

aαN
j (s,η) ∼

∞

∑
k=n(αN; j)

aαN
j,k(η)sk/L(N) in U(N) ass↓ 0,

if n(αN; j) < ∞, and

aαN
j (s,η) = O(s∞) in U(N) ass↓ 0,

if n(αN; j) = ∞. Put

ΓαN := ch
[ ∪

0≤ j≤m
n(αN; j)<∞

{( j,n(αN; j))}+(Rn
+)2

]
,
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whereR+ = {λ ∈ R; λ > 0}. Let ( j(αN;k),ν(αN;k)) ∈ (Z+)2 ( 0≤ k≤ r(αN))
be the vertexes ofΓαN arranged as follows;

0≤ j(αN;0) < j(αN;1) < · · · < j(αN; r(αN)) = m(αN).

ΓαN

j(αN; r(αN)) = m(αN)j(αN;0)
j(αN;1)

We denote byl(αN;k) the segment connecting( j(αN;k− 1),ν(αN;k− 1)) and
( j(αN;k),ν(αN;k)) ( 1≤ k≤ r(αN)). Denote by−κ(αN;k) the slope ofl(αN;k)
( 1≤ k≤ r(αN)). We note thatκ(αN;k) > 0 ( 1≤ k≤ r(αN)). Define

pαN
k (t,η) := ∑

( j,n(αN; j))∈l(αN;k)
aαN

j,n(αN; j)(η)t j− j(αN;k−1) ( 1≤ k≤ r(αN)),

ψ(N)(η) := ∏
βN∈AN

∏
0≤k≤r(βN)−1

j(βN;k)̸=0

aαN
j(βN;k),ν(βN;k)(η) ( ̸≡ 0),

U ′
(N+1) := {η ∈U(N); ψ(N)(η) ̸= 0}.

(i) (the casej(αN;0) > 0) For anyM ∈ N we can write

pαN(s(κ(αN;1)+M)/L(N)X,s,η)

= s{(κ(αN;1)+M) j(αN;0)+ν(αN;0)}/L(N)

×{aαN
j(αN;0),ν(αN;0)(η)X j(αN;0) +s1/L(N+1)qM

αN,0(X,s,η)}.

HereL(N+1) ∈ N is the smallest positive integer such thatL(N+1) is divisible
by L(N) andL(N + 1)κ(βN;k)/L(N) ∈ Z for any βN ∈ AN and 1≤ k ≤ r(βN),
and qM

αN,0(X,s,η) is a polynomial ofX of degreem whose coefficients are in
C([0,1)×U(N)). From the same argument as in (I)(i) and Rouché’s theorem it
follows that for anyK b U(N) there isεK > 0 such that for anyε ∈ (0,εK] and
M ∈ N there issK,ε,M > 0 satisfying the following:

　 BM
αN,0(s,η ;ε) contains exactlyj(αN;0) elements ofB(s,η) ( counted

with multiplicities) for η ∈ K ands∈ (0,sK,ε,M].

Let 1 ≤ k ≤ r(αN), and apply Lemma to the equationpαN
k (t,η) = 0 in t.

Then there areRαN
k (η) ∈ A (U(N)), s(αN;k) ∈ N, and ταN

(k, j)(η) ∈ A (U(N+1))
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and m(αN,(k, j)) ∈ N ( 1 ≤ j ≤ s(αN;k)) such thataαN
j(αN;k),ν(αN;k)(η) ̸= 0 for

η ∈U(N+1) and

pαN
k (t,η) = aαN

j(αN;k),ν(αN;k)(η)
s(αN;k)

∏
j=1

(t − ταN
(k, j)(η))m(αN,(k, j)) in U(N+1),

ταN
(k,i)(η) ̸= ταN

(k, j)(η) for η ∈U(N+1) if i ̸= j,

where

ϕ(N+1)(η) := ψN(η) ∏
βN∈AN

r(βN)

∏
µ=1

RβN
µ (η),

U(N+1) := {η ∈U(N); ϕ(N+1)(η) ̸= 0}.

Put

AN+1 := {(αN,(k, j))∈N2(N+1); αN ∈AN, 1≤ k≤ r(αN) and 1≤ j ≤ s(αN;k)}.

Since(αN,(1,1)) ∈ AN+1 if αN ∈ AN, we have

(4) #AN ≤ #AN+1 ≤ m,

where #AN denotes the number of the elements ofAN. Moreover, it is obvious that

(5) r(αN) = s(αN;1) = 1 for anyαN ∈ AN if #AN = #AN+1.

Let αN ∈ AN andα(N+1) = (k, j), and assume thatαN+1 ≡ (αN,α(N+1)) ∈ AN+1.
Write

κ(αN+1) := κ(αN;k), j(αN+1) := j(αN;k), ν(αN+1) := ν(αN;k).

We have

s−σ(αN+1)p
(N+1

∑
µ=1

sκ̃(αµ )ταµ−1

α(µ) (η)+sκ̃(αN+1)X,s,η
)

= s−(κ(αN;k) j(αN;k)+ν(αN;k))/L(N)pαN(sκ(αN;k)/L(N)(ταN

α(N+1)(η)+X),s,η)

= pαN
k (ταN

α(N+1)(η)+X,η)(ταN

α(N+1)(η)+X) j(αN;k−1) +s1/L(N+1)qαN+1(X,s,η)

= aαN
j(αN;k),ν(αN;k)(η)Xm(αN+1)(ταN

α(N+1)(η)+X) j(αN;k−1)

× ∏
1≤µ≤s(αN;k)

µ ̸= j

(X + ταN
(k, j)(η)− ταN

(k,µ)(η))m(αN,(k,µ)) +s1/L(N+1)qαN+1(X,s,η),
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whereqαN+1(X,s,η) is a polynomial ofX of degreem whose coefficients are in
C([0,1)×U(N+1)). By the same argument as in (I)(ii) and Rouché’s theorem we
can prove that for anyK b U(N+1) and ε ∈ (0,εK] there issK,ε > 0 such that
BαN+1(s,η ;ε) contains exactlym(αN+1) elements ofB(s,η) for η ∈ K ands∈
(0,sK,ε ], modifyingεK if necessary. This implies that the proposition P(N) is valid
for any N ∈ Z+. From (4), (5) and (3)N in P(N) it follows that there isN0 ∈ N
such that

#AN = #AN0, j(αN;0) = 0, r(αN) = s(αN;1) = 1 for N ≥ N0.

Note thatψN(η) ≡ 1 andRαN
1 (η) ̸= 0 in U(N) for αN ∈ AN if N ≥ N0. Moreover,

we haveL(N) = L(N0) for N ≥ N0. Indeed, we have

pαN
1 (t,η) = aαN

j(αN;1),ν(αN;1)(η)(t − ταN
(1,1)(η))m(αN,(1,1)),

AN+1 = {(αN,(1,1)) ∈ N2(N+1); αN ∈ AN}

for N ≥ N0. Therefore, we have

( j,n(αN; j)) ∈ l(αN;1) ( 0≤ j ≤ j(αN;1)(≡ m(αN,(1,1))),
κ(αN;1) = n(αN;0)−n(αN;1) = · · · = n(αN; j(αN;1)−1)−n(αN; j(αN;1))
∈ N

for N ≥ N0, which yieldsL(N+1) = L(N) for N ≥ N0. This, together with P(N),
proves the theorem.
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