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Let K = R or C, and letH be a pre-Hilbert space overK with inner product
(·, ·)H , and let f : H ×·· ·×H → C be a symmetric n-linear form onH. Define

∥ f∥1 = sup{| f (x, · · · ,x)|; x∈ H and∥x∥ = 1},
∥ f∥2 = sup{| f (x1, · · · ,xn)|; x j ∈ H and∥x j∥ = 1 ( 1≤ j ≤ n)},

where∥x∥ =
√

(x,x)H . By definition it is obvious that∥ f∥1 ≤ ∥ f∥2.

Theorem. The two norms∥ f∥1 and∥ f∥2 coincide, i.e.,∥ f∥1 = ∥ f∥2.

REMARK. We thought the theorem must be well-known. However, we could not
find any literature, and we gave a proof of the theorem ( in 1992). Now we guess
this theorem is not necessarily familiar among mathematicians. So we give its
proof here.

To prove the theorem we need the following

Lemma. Let k∈ N, and let g be a symmetric2k-linear form on H. Then we
have

(1)
k

∑
j=0

(−1)k− j
(

k
j

)
g2 j(x+y,x−y) = 22kgk(x,y) for x,y∈ H,

where for0≤ i ≤ 2k

gi(x,y) = g(x1, · · · ,x2k)|x j=x (1≤ j≤i), xh=y (i+1≤h≤2k).

∗In simplifying our original proof and writing the first version I made mistakes. As Prof.
Lerner told me that it is not understandable, I noticed that its proof is incomplete, and correct the
first version.



Proof. It is obvious that (1) is valid ifk = 1. Letℓ ∈ N, and suppose that (1)
is valid fork≤ ℓ. Then, fork = ℓ+1 we have

k

∑
j=0

(−1)k− j
(

k
j

)
g2 j(x+y,x−y)

=
k−1

∑
j=0

(−1)k− j
(

k−1
j

)
g2 j(x+y,x−y)+

k

∑
j=1

(−1)k− j
(

k−1
j −1

)
g2 j(x+y,x−y)

= −
k−1

∑
j=0

(−1)k−1− j
(

k−1
j

)
g2 j(x+y,x−y)

+
k−1

∑
j=0

(−1)k−1− j
(

k−1
j

)
g2 j+2(x+y,x−y),

since
(k

j

)
=

(k−1
j

)
+

(k−1
j−1

)
( 1≤ j ≤ k−1). By assumption we have

k

∑
j=0

(−1)k− j
(

k
j

)
g2 j(x+y,x−y)

= −22(k−1)g̃k−1(x,y;x−y,x−y)+22(k−1)g̃k−1(x,y;x+y,x+y)

= 22kgk(x,y),

where

g̃i(x,y;u,v) = g(x1, · · · ,x2k)|x j=x (1≤ j≤i), xh=y (i+1≤h≤2k−2), x2k−1=u, x2k=v,

sinceg2 j(x+y,x−y) = g̃2 j(x+y,x−y;x−y,x−y), g2 j+2(x+y,x−y) = g̃2 j(x+
y,x− y;x+ y,x+ y), g(x1, · · · ,x2ℓ,u,u) is a symmetric 2ℓ-linear form for a fixed
u∈ H andg̃i(x,y;u,v) is a symmetric bilinear form for fixedx,y∈ H.

We shall prove the theorem by induction onn. It is obvious that∥ f∥1 = ∥ f∥2

if n = 1. Letℓ ∈ N, and suppose that the theorem is valid forn≤ ℓ. Let n = ℓ+1
andε > 0. Then there areu j ∈ H ( 1≤ j ≤ n) satisfying∥u j∥ = 1 and

| f (u1,u2, · · · ,un)| ≥ ∥ f∥2− ε.

Let X = {∑n
j=1a ju j ; a j ∈ K ( 1≤ j ≤ n)}. We may assume that

sup{| f (x1, · · · ,xn)|; x j ∈ X and∥x j∥ = 1 ( 1≤ j ≤ n)} = 1.

Let us show that

sup{| f (x, · · · ,x)|; x∈ X and∥x∥ = 1}(2)
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≥ sup{| f (x1, · · · ,xn)|; x j ∈ X and∥x j∥ = 1 ( 1≤ j ≤ n)} = 1

(≥ ∥ f∥2− ε),

which proves the theorem. Let 1≤ k < n. By the induction assumption we have

sup{| f (x1, · · · ,xk,xk+1, · · · ,xn)|; x j ∈ X and∥x j∥ = 1 ( 1≤ j ≤ k)}
= sup{| f (x, · · · ,x,xk+1, · · · ,xn)|; x∈ X and∥x∥ = 1}

for anyxk+1, · · · ,xn ∈ X. Moreover, we have

1 = sup{| f (x, · · · ,x,xk+1, · · · ,xn)|; x,xk+1, · · · ,xn ∈ X

and∥x∥ = ∥xk+1∥ = · · · = ∥xn∥ = 1}
= sup{| fk(x,y)|; x,y∈ X and∥x∥ = ∥y∥ = 1},

where
fi(x,y) = f (x1, · · · ,xn)|x j=x (1≤ j≤i), xh=y (i+1≤h≤n).

Put

V = {(x,y) ∈ X×X; ∥x∥ = ∥y∥ = 1

and| fk(x,y)| = 1 for somek with 1≤ k≤ n−1}.

SinceX is a finite dimensional subspace, we haveV ̸= /0. Define

γ = max{|(x,y)H |; (x,y) ∈V},

and choose(x,y)∈V andk∈N so that 1≤ k≤ n−1, (x,y)H = γ and| fk(x,y)|= 1.
Since(v,u) ∈ V if (u,v) ∈ V, we may assume thatk ≤ n/2. Applying (1) to a
symmetric 2k-linear form f (x1, · · · ,x2k,y, · · · ,y), we have

22k = 22k| fk(x,y)| ≤
k

∑
j=0

(
k
j

)
| f̃2 j,k(x+y,x−y;y)|

= | f2k(x+y,y)|+
k−1

∑
j=0

(
k
j

)
| f̃2 j,k(x+y,x−y;y)|

≤ | f2k(x+y,y)|+
( k

∑
j=0

(
k
j

)
∥x+y∥2 j∥x−y∥2(k− j)−∥x+y∥2k

)
= | f2k(x+y,y)|−∥x+y∥2k +

k

∑
j=0

(
k
j

)
(2+2γ) j(2−2γ)k− j

= | f2k(x+y,y)|−∥x+y∥2k +22k,
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where

f̃i,k(u,v;w) = f (x1, · · · ,x2k,w, · · · ,w)|x j=u (1≤ j≤i), xh=v (i+1≤h≤2k).

This gives| f2k(x+y,y)| ≥ ∥x+y∥2k, which implies that| f2k(x+y,y)|= ∥x+y∥2k.
Puttingw = (x+y)/∥x+y∥, we have| f2k(w,y)| = 1 and∥w∥ = 1. If 2k = n, then
| f2k(w,y)| = | f (w, · · · ,w)| = 1. In this case (2) holds. Now assume that 2k < n.
Then we have(w,y) ∈V and

(3) (w,y)H =
√

(γ +1)/2≤ γ.

(3) and the definition ofγ yield γ = 1 and, therefore,x = y, which implies that
| f (x, · · ·x)| = 1 and (2) holds.
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