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Let P(x,ξ ) be a polynomial ofξ = (ξ1, · · · ,ξn) whose coefficients areC∞

functions ofx = (x1, · · · ,xn) ∈ Rn. We write

P(x,ξ ) =
m

∑
j=0

Pj(x,ξ ),

wherem= degξ P(x,ξ ) andPj(x,ξ ) is a homogeneous polynomial of degreej.
Let us consider the Cauchy problem

(CP)

{
P(x,D)u(x) = f (x) in Rn,

suppu⊂ {x∈ Rn; x1 ≥ 0},

whereD = (D1, · · · ,Dn) = −i(∂/∂x1, · · · ,∂/∂xn) and f ∈C∞(Rn) satisfies supp
f ⊂ {x∈ Rn; x1 ≥ 0}. We say that the Cauchy problem (CP) isC∞ well-posed if
the following two conditions are satisfied:

(E) For any f ∈ C∞(Rn) with supp f ⊂ {x ∈ Rn; x1 ≥ 0} there isu ∈ C∞(Rn)
satisfying (CP).
(U) If t > 0,u∈C∞(Rn), suppu⊂{x∈Rn; x1≥ 0} and suppP(x,D)u⊂{x∈Rn;
x1 ≥ t}, then suppu⊂ {x∈ Rn; x1 ≥ t}.

We assume thatPm(x,ϑ) ̸= 0, whereϑ = (1,0, · · · ,0) ∈ Rn. ThenC∞ well-
posedness implies thatPm(x,ξ ) is hyperbolic with respect toϑ for eachx ∈ Rn

with x1 ≥ 0, i.e., Pm(x,ξ − iϑ) ̸= 0 for eachx∈ Rn with x1 ≥ 0 andξ ∈ Rn ( see
[Mi]). Therefore, we assume thatPm(x,ξ ) is hyperbolic with respect toϑ for each
x∈ Rn with x1 ≥ 0.

Ivrii and Petkov gave a necessary condition forC∞ well-posedness in [IP], and
Ivrii improved the result and gave the following theorem in [I] ( see, also Mandai
[Ma]).



Theorem 1. Assume that the Cauchy problem(CP) is C∞ well-posed. Let
x0 ∈Rn satisfy x01 ≥ 0, and assume that there are r∈ Z+ ( := N∪{0}) and qj ∈Q
( 1≤ j ≤ n) such that qj > 0 ( 1≤ j ≤ n), 1+q1 > q j ( 2≤ j ≤ n) and

P(re1)
m (x0,en) ̸= 0,

P(α)
m(β )(x

0,en) = 0 if (1+q1)|α|+ ⟨q,β −α⟩ < r,

where ej denotes the n-tuple vector whose k-th component is equal toδ j,k ( 1≤ k≤
n), P(α)

(β ) (x,ξ ) = ∂ α
ξ Dβ

x P(x,ξ ), q= (q1, · · · ,qn) and⟨q,β −α⟩= ∑n
j=1q j(β j −α j)

for α = (α1, · · · ,αn),β = (β1, · · · ,βn) ∈ (Z+)n. Then

P(α)
m−s(β )(x

0,en) = 0 if (1+q1)(s+ |α|)+ ⟨q,β −α⟩ < r.

REMARK. We note thatP(α ′)
m−s(β )(x

0,en) ̸= 0 if α = (α ′,αn)∈ (Z+)n, andP(α)
m−s(β )

(x0,en) ̸= 0, whereP(α ′)
(β ) (x,ξ ) = P((α ′,0))

(β ) (x,ξ ).

We shall prove the above theorem, repeating the same argument as in the first
part of the proof in [Ma] and, then, applying the idea used in [W].

Now we assume that the hypotheses of Theorem 1 are fulfilled. From Banach’s
closed graph theorem or the Baire category theorem we have the following lemma
( see,e.g., [IP]).

Lemma 2. Let K be a compact subset of{x ∈ Rn; x1 ≥ 0}. Then there are
ℓ ≡ ℓK ∈ Z+ and C≡CK > 0 such taht

|u(x1)| ≤C sup
|β |≤ℓ

sup
x1≤x1

1

|Dβ (P(x,D)u(x))|

if x1 ∈ K, u∈C∞
0 (Rn) andsuppu⊂ K.

Let δ > 0. We make an asymptotic change of variables

y = ρδq(x−x0) = (ρδq1(x1−x0
1), · · · ,ρδqn(xn−x0

n)) ( ρ ≫ 1).

PutPρ(y,η) = P(x0 +ρ−δqy,ρδqη). Then we have

Pρ(y,η) = ∑
0≤s≤m,α ′∈(Z+)n−1

β∈(Z+)n,µ(s,α ′,β )>−N

ρµ(s,α ′,β ) yβ

α ′!β !
P(α ′)

m−s(β )(x
0,en)ηα ′

ηm−s−|α ′|
n

+ρ−NRN(y,η ;ρ)

=: QN(y,η ;ρ)+ρ−NRN(y,η ;ρ),
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whereN∈N, ηα ′
= ηα1

1 · · ·ηαn−1
n−1 for α ′ = (α1, · · · ,αn−1), q′ = (q1, · · · ,qn−1) and

µ(s,α ′,β ) = δ ⟨q′,α ′−β ′⟩+δqn(m−s−|α ′|−βn).

Write
RN(y,η ;ρ) = ∑

|α |≤m

RN,α(y;ρ)ηα .

Then for anyN ∈ N andW b Rn there areCN,W,β > 0 ( β ∈ (Z+)n) such that

|RN,α(β )(y;ρ)| ≤CN,W,β for y∈W andρ ≥ 1.

Put

M = {(s,α ′,β ); 1≤ s≤ m, (1+q1)(s+ |α ′|)+ ⟨q,β ⟩−⟨q′,α ′⟩ < r

andP(α ′)
m−s(β )(x

0,en) ̸= 0}

By assumptionM is a finite set. Note that(s,α ′,β ) ∈ M if α = (α ′,αn), 1≤ s≤
m, (1+q1)(s+ |α|)+⟨q,β −α⟩< r andP(α)

m−s(β )(x
0,en) ̸= 0. So, in order to prove

Theorem 1 it suffices to show thatM = /0. Now suppose thatM ̸= /0. Define

ε0 = max{ε; ε > 0 and(1+q1)(εs+ |α ′|)+ ⟨q,β ⟩−⟨q′,α ′⟩ = r

for some(s,α ′,β ) ∈ M} ( > 1),
M0 = {(s,α ′,β ) ∈ M; (1+q1)(ε0s+ |α ′|)+ ⟨q,β ⟩−⟨q′,α ′⟩ = r}.

Then we have

µ̃(s,α ′,β ) ≡ µ(s,α ′,β )+m−s−|α ′|+σ |α ′|
= µ0 +(r −|α ′|)(1−σ −δ (1+q1−qn))+s{δ ((1+q1)ε0−qn)−1}

for (s,α ′,β ) ∈ M0,

whereµ0 = (δq1 +σ)r +(1+δqn)(m− r). We chooseδ > 0 andσ > 0 so that

δ (1+q1−qn) = 1−σ , δ ((1+q1)ε0−qn) = 1,

i.e.,

δ = ((1+q1)ε0−qn)−1, σ = (1+q1)(ε0−1)((1+q1)ε0−qn)−1.

Note that 0< σ < 1. By this choice we have the following:

(i) µ̃(s,α ′,β ) = µ0 for (s,α ′,β ) ∈ M0.
(ii) µ̃(s,α ′,β ) < µ0 for (s,α ′,β ) ∈ M\M0.
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(iii) µ̃(s,α ′,β ) < µ0

if 1 ≤ s≤ m and(1+q1)(s+ |α ′|)+ ⟨q,β ⟩−⟨q′,α ′⟩ ≥ r.
(iv) µ̃(0,α ′,β ) = µ0 if (1+q1)|α ′|+ ⟨q,β ⟩−⟨q′,α ′⟩ = r.
(v) µ̃(0,α ′,β ) < µ0 if (1+q1)|α ′|+ ⟨q,β ⟩−⟨q′,α ′⟩ > r.

Put

M1 = M0∪{(0,α ′,β ); (1+q1)|α ′|+⟨q,β ⟩−⟨q′,α ′⟩= r andP(α ′)
m(β )(x

0,en) ̸= 0}.

Then there isδ0 > 0 such that forN ≫ 1 andγ ∈ Rn\{0}

(1) QN(y,γρen +ρσ η ;ρ) = ρµ0{γ m−rΦ(y,η ′;γ)+ρ−δ0rN(y,η ;ρ,γ)},

where

Φ(y,η ′;γ) = ∑
(s,α ′,β )∈M1

γ r−|α ′|−syβ

α ′!β !
P(α ′)

m−s(β )(x
0,en)ηα ′

.

HererN(y,η ;ρ,γ) is a polynomial of(y,η ,γ) and its coefficients are bounded for
ρ ≥ 1.

Lemma 3. (i) If (s,α ′,β ) ∈ M1, then(s,α ′,β ) = (0, re′1,0) or α1 + s < r,
where e′1 = (1,0, · · · ,0) ∈ (Z+)n−1. (ii) There areŷ∈ Rn, η̂ ′ ∈ Cn× (Rn−2\{0})
and γ̂ ∈ R\{0} such thatŷ1 > 0 if x0

1 = 0, Im η̂1 < 0 andΦ(ŷ, η̂ ′; γ̂) = 0.

Proof. (i) Let (0,α ′,β ) ∈ M1. Then we have

α1 + ⟨q,β ⟩+
n−1

∑
j=2

(1+q1−q j)α j = r

Since 1+ q1 > q j ( 2 ≤ j ≤ n− 1), we haveα1 < r if ∑n−1
j=2 α j + |β | ̸= 0. By

assumption we have(0, re′1,0) ∈ M1. Moreover, if(s,α ′,β ) ∈ M0, we have

α1 +s≤ (1+q1)(s+ |α ′|)+ ⟨q,β ⟩−⟨q′,α ′⟩ < r.

(ii) Put

θ = max{(ε0−1)(1+q1)s/(r −α1); (s,α ′,β ) ∈ M0} ( > 0),
M′ = {(s,α ′,β ) ∈ M1; θ(r −α1) = (ε0−1)(1+q1)s}.

Note that

(2) (0,α ′,β ) ∈ M′ if and only if α ′ = re′1 andβ = 0.

For ω ≫ 1 we have

Φ(ω−qy,ω q̃η ′;ω1+q1γ)
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= ∑
(s,α ′,β )∈M1

ων(s,α ′,β )

α ′!β !
γ r−|α ′|−syβ P(α ′)

m−s(β )(x
0,en)ηα ′

,

whereq̃ = (q1 + θ ,q2, · · · ,qn) ∈ Rn−1 andν(s,α ′,β ) = (1+ q1)(r −|α ′|− s)−
⟨q,β ⟩+ ⟨q′,α ′⟩+θα1. Since

ν(s,α ′,β ) =−{(1+q1)(ε0s+ |α ′|)+ ⟨q,β ⟩−⟨q′,α ′⟩}
+(ε0−1)(1+q1)s+(1+q1)r +θα1,

we have

ν(s,α ′,β )

{
= (q1 +θ)r if (s,α ′,β ) ∈ M′,

< (q1 +θ)r if (s,α ′,β ) ∈ M1\M′.

Putting

Φ1(y,η ′;γ) = ∑
(s,α ′,β )∈M′

γ r−|α ′|−syβ

α ′!β !
P(α ′)

m−s(β )(x
0,en)ηα ′

,

we have

Φ(ω−qy,ω q̃η ′;ω1+q1γ) = ω(q1+θ)r(Φ1(y,η ′;γ)+o(1)) asω → ∞,

Φ1(y,η1,γη ′′′;γ) = ∑
(s,α ′,β )∈M′

γ r−α1−syβ

α ′!β !
P(α ′)

m−s(β )(x
0,en)ηα ′′′

ηα1
1 ,

whereη ′′′ = (η2, · · · ,ηn−1), α ′ = (α1,α ′′′) ∈ (Z+)n−1 andηα ′′′
= η(0,α ′′′,0). It

follows from the assertion (i) and (2) that

Φ1(y,η1,γη ′′′;γ) = P(re1)
m (x0,en)η r

1/r! +
r−1

∑
j=0

m

∑
s=1

γ r− j−sA j,s(y,η ′′′)η j
1,

r −2≥ r −s−1≥ j if A j,s(y,η ′′′) ̸≡ 0.

Choose ˜y∈ Rn, η̃ ′′′ ∈ Rn−2 \ {0} and j∗,s∗ ∈ Z+ so that ˜y1 > 0, 0≤ j∗ ≤ r −2,
1 ≤ s∗ ≤ m andA j∗,s∗(ỹ, η̃ ′′′) ̸= 0. For example, ifγ ∈ R \ {0} and |γ| is suffi-
ciently small, then the equationΦ1(ỹ,η1,γη̃ ′′′;γ) = 0 in η1 has a root with nega-
tive imaginary part forγ > 0 orγ < 0. Indeed, puttingκ = min{(r− j−s)/(r− j);
A j,s(ỹ, η̃ ′′′) ̸= 0}, we have 0< κ < 1. Moreover, the roots ofΦ1(ỹ,η1,γη̃ ′′′;γ) = 0
in η1 can be expanded in Puiseux series with respect toγ andΦ1(ỹ,η1,γη̃ ′′′;γ)= 0
in η1 has a rootη1 = aγκ(1+o(1)) asγ → 0 with a ̸= 0. In particular, there are
γ̃ ∈R\{0} andη̃1∈C such that Imη̃1 < 0 andΦ1(ỹ, η̃1, γ̃ η̃ ′′′; γ̃) = 0. This proves
the assertion (ii) withω ≫ 1, ŷ = ω−qỹ, η̂ ′ = ω q̃(η̃1, γ̃ η̃ ′′′) andγ̂ = ω1+q1γ̃.

From Lemma 3 there areη0′′′ ∈ Rn−2\{0}, an open neighborhoodU of η0′′′,
p∈ N and real analytic functionsτ(η ′′′) andΦ̃(η1,η ′′′) defined forη ′′′ ∈U such
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that 1≤ p≤ r, Im τ(η ′′′) < 0, Φ̃(η ′) is a polynomial ofη1, Φ̃(τ(η ′′′),η ′′′) ̸= 0
and

Φ(ŷ,η1,η ′′′; γ̂) = (η1− τ(η ′′′))pΦ̃(η ′).

Let ϕ(x) be a solution of

∂ϕ
∂y1

= τ(∇y′′′ϕ(y)), ϕ(ŷ1,y
′′) = (y′′′− ŷ′′′) ·η0′′′ + i|y′′− ŷ′′|2,

in an open neighborhoodV of ŷ, wherey = (y′,yn) = (y1,y′′′,yn) = (y1,y′′). We
may assume thatx0

1 +ρ−δq1y1 > 0 if y∈V andρ ≥ 1. Up to this point the proof
is the same as in [Ma]. It follows from§3 of Chapter VI of [T] that

Φ(ŷ,ρ−σ D′; γ̂)(exp[iρσ ϕ(y)]u(y))

= exp[iρσ ϕ(y)] ∑
|α ′|≥p

Φ(α ′)(ŷ,∇y′ϕ(y); γ̂)Nα ′(y,D′;ρ)u(y),

Nα ′(y,D′;ρ)u(y) = ρ−σ |α ′|[Dα ′
w′ (exp[iρσ Ψ(y,w′)]u(w′,yn))]w′=y′/α ′!,

whereD′ = (D1, · · · ,Dn−1), Dα ′
w′ = Dα1

w1 · · ·D
αn−1
wn−1 andΨ(y,w′) = ϕ(w′,yn)−ϕ(y)

− (w′−y′) · (∇y′ϕ)(y). It is easy to see that

Nα ′(y,η ′;ρ) = ρ−σ |α ′|ηα ′
/α ′! + ∑

β ′<α ′
ρ−σ |β ′|bα ′,β ′(y;ρ)ηβ ′

,

|bα ′,β ′(β̃ )(y;ρ)| ≤Cα ′,β ′,β̃ ρ−σ(|α ′|−|β ′|−[(|α ′|−|β ′|)/2]),

bα ′,β ′(y;ρ) ≡ 0 if |α ′|− |β ′| = 1 andβ ′ < α ′

for y∈V, where[a] denotes the largest integer≤ a. Now we make an asymptotic
change of variables, again:

z1 = ρσ1(y1− ŷ1), z′′ = ρσ/3(y′′− ŷ′′),

whereσ/2 < σ1 < σ . Puty(z;ρ) = ŷ+(ρ−σ1z1,ρ−σ/3z′′) andϕ(z;ρ) = ϕ(y(z;
ρ)). A simple calculation yields

Φ(ŷ,ρ−σ+σ1D1,ρ−2σ/3D′′′; γ̂)(exp[iρσ ϕ(z;ρ)]v(z))(3)

= exp[iρσ ϕ(z;ρ)] ∑
|α ′|≥p

Φ(α ′)(ŷ,(∇y′ϕ)(y(z;ρ); γ̂)

×{ρ−σ |α ′|+σ1α1+σ |α ′′′|/3Dα ′
v(z)/α ′!

+ ∑
β ′<α ′

ρ−σ |β ′|+σ1β1+σ |β ′′′|/3bα ′,β ′(y(z;ρ);ρ)Dβ ′
v(z)}

= exp[iρσ ϕ(z;ρ)]ρ−p(σ−σ1){Φ(re′1)(ŷ,τ(η0′′′),η0′′′; γ̂)Dp
1v(z)/p!
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+ρ−δ1 ∑
|α ′|≤p0

cα ′(z;ρ)Dα ′
v(z)},

|cα ′(β )(z;ρ)| ≤Cα ′,β

for z∈ Rn with y(z;ρ) ∈V, wherep0 = degη Φ(ŷ,η ′; γ̂) andδ1 = min{σ/3,σ −
σ1,2σ1−σ ,σ1−σ/3}. Indeed, we have

p(σ −σ1)−σ |α ′|+σ1β1 +σ |β ′′′|/3+σ [(|α ′|− |β ′|)/2]
≤−(|α ′|− p)(σ −σ1)− (|α ′|− |β ′|)(σ1−σ/2)− (σ1−σ/3)|β ′′′|
≤ −(2σ1−σ) if |α ′| ≥ p, β ′ < α ′ and|β ′| ≤ |α ′|−2,

p(σ −σ1)−σ |α ′|+σ1α1 +σ |α ′′′|/3

= −(|α ′|− p)(σ −σ1)− (σ1−σ/3)|α ′′′|.

PutE(z,ρ) = exp[iγ̂ρ1−σ/3zn] and

P̃ρ(z,ζ ) = P(x0 +ρ−δqy(z;ρ),ρδq(ρσ1ζ1,ρσ/3ζ ′′))

(= Pρ(y(z;ρ),ρσ1ζ1,ρσ/3ζ ′′)).

Then we can write

P̃ρ(z,ζ ) = Q̃N(z,ρσ1ζ1,ρσ/3ζ ′′;ρ)+ρ−NR̃N(z,ρσ1ζ1,ρσ/3ζ ′′;ρ).

HereR̃(z,ζ ;ρ) = ∑|α|≤mR̃N,α(z;ρ)ζ α and for anyW b Rn there areCN,W,β > 0
( β ∈ (Z+)n) such that

|R̃N,α(β )(z;ρ)| ≤CN,W,β for z∈W andρ ≥ 1.

LetW be an open neighborhood of 0 inRn, and chooseρ(W)≥ 1 so thaty(z;ρ)∈
V for z∈W andρ ≥ ρ(W). Then we have

P̃ρ(z,D)(E(z;ρ)exp[iρσ ϕ(z;ρ)]v(z))

= E(z;ρ){Q̃N(z, γ̂ρen +(ρσ1D1,ρσ/3D′′);ρ)

+ρ−NR̃N(z, γ̂ρen +(ρσ1D1,ρσ/3D′′);ρ)}(exp[iρσ ϕ(z;ρ)]v(z))

for z∈W andρ ≥ ρ(W). By (1) we have

Q̃N(z, γ̂ρen +ρσ η ;ρ) = γ̂ m−rρµ0{Φ(ŷ,η ′; γ̂)+ρ−δ ′
0 r̃N(z,η ;ρ)},

whereδ ′
0 = min{δ0,σ/3}. Since 0< σ1 < σ , this, together with (3), gives

Q̃N(z, γ̂ρen +(ρσ1D1,ρσ/3D′′);ρ)(exp[iρσ ϕ(z;ρ)]v(z))
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= exp[iρσ ϕ(z;ρ)]γ̂ m−rρ−p(σ−σ1)+µ0{a0Dp
1v(z)/p!

+ρ−δ1 ∑
|α ′|≤p0

cα ′(z;ρ)Dα ′
v(z)+ρ−δ ′

0+p(σ−σ1)r̂(z,D;ρ)v(z)}

for z∈W andρ ≥ ρ(W), wherea0 = Φ(re′1)(ŷ,τ(η0′′′),η0′′′) ( ̸= 0). Here ˆr(z,ζ ;
ρ) is a polynomial ofζ of degreemand has the same properties forρ ≥ ρ(W) as
R̃N(z,ζ ;ρ). Now let us chooseN ∈ N andσ1 > 0 so that

N ≥ p(σ −σ1)−µ0 +m+δ1,

σ1 = max{2σ/3,σ −δ ′
0/(p+1)}.

From Lemma 2 it follows that there areℓ ∈ Z+ andC > 0 such that

(4) |u(0)| ≤C sup
|β |≤ℓ

sup
z1≤0

ρ(δq1+σ1)β1+δ ⟨q′′,β ′′⟩+σ |β ′′|/3|Dβ P̃ρ(z,D)u(z)|

for u∈C∞
0 (W) andρ ≥ ρ(W). Sinceδ1 ≤ σ −σ1 ≤ δ ′

0− p(σ −σ1), we have

P̃ρ(z,D)(E(z;ρ)exp[iρσ ϕ(z;ρ)]v(z)) = E(z;ρ)exp[iρσ ϕ(z;ρ)]

× γ̂ m−rρ−p(σ−σ1)+µ0{a0Dp
1v(z)/p!−ρ−δ1H(z,D;ρ)v(z)}

for z∈W andρ ≥ ρ(W), whereH(z,ζ ;ρ) is a polynomial ofζ of degreem and
has the same properties as ˆr(z,ζ ;ρ). We define{u j(z;ρ)} j=0,1,2,··· by

u0(z;ρ) = 1,

Dp
1u j(z;ρ) = a−1

0 H(z,D;ρ)u j−1(z;ρ),
Dk

1u j(0,z′′;ρ) = 0 ( 0≤ k≤ p−1),
( j ≥ 1),

for z∈W andρ ≥ ρ(W). Note that

|Dβ u j(z;ρ)| ≤Cj,β for z∈W, ρ ≥ ρ(W) andβ ∈ (Z+)n.

It is easy to see that

ϕ(z;ρ) = ρ−σ/3z′′′ ·η0′′′ + iρ−2σ/3|z′′|2 +ρ−σ1τ(η0′′′)z1 +O(ρ−σ1−σ/3)
asρ → ∞,

Im ρσ ϕ(z;ρ) ≥ (ρσ−σ1 Im τ(η0′′′)z1 +ρσ/3|z′′|2)/2

for z∈W with z1 ≤ 0 andρ ≥ ρ(W), modifying ρ(W) if necessary. Letχ(z) be
a function inC∞

0 (W) such thatχ(z) = 1 near 0, and put

uM(z;ρ) =
[M−1]

∑
j=0

ρ−δ1 ju j(z;ρ)χ(z)
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for ρ ≥ ρ(W). Then, by standard arguments we have

sup
z1≤0, |β |≤ℓ

ρ(δq1+σ1)β1+δ ⟨q′′,β ′′⟩+σ |β ′′|/3

×|Dβ{P̃ρ(z,D)(E(z;ρ)exp[iρσ ϕ(z;ρ)]uM(z;ρ))}|
≤CMρν(ℓ)−Mδ1 ≤CMρ−1 if Mδ1 ≥ 1+ν(ℓ) andρ ≥ ρ(W),

whereν(ℓ) = −p(σ −σ1)+δ (1+q1)(r + ℓ)+σ r +σ1ℓ+(1+δqn)(m− r). On
the other hand,uM(0;ρ) = 1, which contradicts (4). This proves Theorem 1.
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